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1.Introduction.The problem of stability for the trivial solution of the dif-
ferential equation is discussed :

Mẍ + Gẋ + Kx = Q(x, ẋ) , (1)

where M = MT > 0 , G = −GT , K = KT are, respectively, (n×n) matrices
of gyroscopic, potential forces; x, ẋ are column matrices of coordinates and
velocities; Q(x, ẋ) is the column matrix of nonlinear forces, Q(0, 0) = 0 .

System (1) is critical in the Lyapunov sense. Especially typical of such
systems is the problem of stabilization of potential systems with the aid of
gyroscopic forces when the degree of instability is even, i.e. when det K > 0
[1]. This problem is quite important in the aspect of practical applications, still
it has not yet been solved completely [2],[3]. Substantial attention has been
paid to the problem of stability and stabilization of gyroscopic systems in the
monograph [2]. A brief survey of the results obtained for this problem by the
method of Lyapunov functions can be found in [4].

Most of general results have been obtained for systems, in which the matrix
of gyroscopic forces is non-singular, i.e. for the systems with an even number
of degrees of freedom. The problem of gyroscopic stabilization with a singular
matrix of gyroscopic forces is of practical interest.

The characteristic equation of system (1)

det(λ2M + λG + K) = a0λ
2n + a1λ

2(n−1) + . . . + a(n−1)λ
2 + an, (2)

where a0 = detM ; an = detK, has only even degrees. In particular, it fol-
lows from equation (2) that if the linear potential system has an odd degree of
instability (detK < 0) , then gyroscopic stabilization is impossible [1]. The
following theorems are known [5].

Theorem 1 If A1 = K + 1/4(εG∗T + εG∗ + G)T M−1(εG∗T + εG∗ + G) < 0,
where ε is an arbitrary number, then the solution ẋ = x = 0 of system (1) is
unstable for any nonlinear forces.

Here G∗ is the matrix such that G = G∗−G∗T , furthermore, all the elements
in G∗, which lie below the diagonal, are zero. When ε = 0, we obtain the
result known for linear systems [6]:.

Theorem 2 If 4K −GM−1G ≤ 0 , then the linear system (1) is unstable.
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From theorems 1 and 2 it is possible to obtain sufficient conditions under which
gyroscopic stabilization of unstable potential system is impossible. When the
degree of instability is even, these theorems give the conditions far from nec-
essary ones. Taking account of the fact that stability of equilibrium for the
system (1) is possible only in the critical (in the sense of Lyapunov) case, suf-
ficient conditions of gyroscopic stabilization may be obtained with the help of
the method of Lyapunov functions. As far as the linear system (1) is concerned,
there exist n independent first integrals, which are quadratic with respect to
variables x, ẋ, the bundle of which may be used in the capacity of the Lyapunov
function. Such a system assumes the following integrals:

h = V1 = ẋT Mẋ + xT K x = const ; (3)

V2 = ẋT Kẋ + (K x + Gẋ)T M−1(Kx + Gẋ) = const (4)

V3 = ẋT MK−1Mẋ + xT (M −GK−1G)x + 2ẋTMK−1Gx = const;

Theorem 3 If there exists α such that KM−1( K +αM ) > 0 , ( K +αM ) −
GM−1G + GM−1K( K + αM )−1G > 0, then the linear system (1) is stable
with respect to x, ẋ.

Necessary and sufficient conditions of stability for the linear system may be
obtained from the condition that all the roots of the characteristic equation (2)
are different and purely imaginary. Consider some examples, the characteristic
property of which is that detG = 0.

2. Stabilization of the system having 3 degrees of freedom. Consider
a problem related to stabilization of unstable equilibria of charges in an electric
field E by a stationary (strong) magnetic field H.[7]

Differential equations of motion in the first approximation write:

ẍ = −∂ϕ/∂x + [ ˙x,H];ϕ = (Ax,x)/2 ,H = (H1,H2,H3) (5)

Here A = diag(a1, a2, a3). It is true that for the charge a1 + a2 + a3 = 0
because divE = 0. If this equality is not valid, then this system represents a
general-form gyroscopic system. In [7] conditions of stability for this system
with respect to the characteristic equation (without any analysis) and sufficient
conditions of stability under large magnetic forces have been obtained, but their
estimation has not been conducted. Let the general gyroscopic system be such
that a1 < 0, a2 < 0, a3 > 0. The system assumes three first integrals, which are
quadratic with respect to variables x, ẋ.

Let us construct the bundle of integrals

V = V2 + αh. (6)

The Sylvester conditions of positive sign-definiteness of form (6) (conditions of
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Theorem 3) write:

a1a2a3b
2 > 0, a1 (α + a1) > 0,

a1 (α + a1) a2 (α + a2) > 0, a1 (α + a1) a2 (α + a2) a3 (α + a3) > 0,
a1 (α + a1) a2a3(α3 + α2(a1 + a2 + a3 + H2

2 + H2
3 )

+α(a1a3 + a1a2 + a2a3 + a2H
2
2 + a3H

2
3 ) + a1a2a3) > 0,

a1a2a3

(
α2 + αa1 + αa2 + a1a2 + αH2

3

)
b > 0,

(7)

where b = ((a1a2a3 +α(a1a2 +a1a3 +a2a3 +a1H
2
1 +a2H

2
2 +a3H

2
3 )+ (a1 +a2 +

a3 +H2
1 +H2

2 +H2
3 )+α3) coincides with the characteristic polynomial of system

(5) The results of analysis of these inequalities give evidence thet parameter α,
which is needed for satisfaction of (7), exists if the conditions of existence of
different real negative roots of the polynomial

(a1a2a3 + α(a1a2 + a1a3 + a2a3 + a1H
2
1 + a2H

2
2+

+a3H
2
3 ) + (a1 + a2 + a3 + H2

1 + H2
2 + H2

3 ) + α3)

are satisfied. Hence all the roots of the characteristic equation are different
and purely imaginary. The linear system is stable in the critical case. Suffi-
cient conditions from Theorem 3 coincide with the necessary ones (without the
boundary). The same result can be obtained if we use the bundle W = µh+V3.
Let us fulfil analysis of conditions (7) for the variant when a1 = a2 = −1, a3 = 2.
Let H2

1 = H2
2 = 10, hence the system of inequalities (7)
{− (−1 + α) > 0, (−1 + α)2 > 0, (−1 + α)2(2 + α) > 0,

(−1 + α)
(
2− 13α + 10α2 + α3 + 2αH2

3 + α2H2
3

)
> 0,

(
1− 2α + α2 + αH2

3

)(
2− 23α + 20α2 + α3 + 2αH2

3 + α2H2
3

)
> 0,

(
2− 23α + 20α2 + α3 + 2αH2

3 + α2H2
3

)2
> 0

}

has the following solution:

−2 < α < 0, H2
3 >

−2 + 23α− 20α2 − α3

2α + α2

The graphic representation of this solution is shown in Fig.1. It is obvious that
the minimum value of H2

3 is reached when α =-0.223537, which is equal to the
root of the equation (−4 − 4α + 63α2 + 4α3 + α4) = 0. Consequently, when
H2

3 > 20.472, system (5) is stable.
3. Stabilization of the 8th-order system. Consider the following system

of differential equations, which describe dynamics of a body with an electrical
charge in an electrostatic field in the linear approximation [8]:

α′′ − (−δx−Hβ′ + χα) = 0, β′′ − (−δy + Hα′ + χβ) = 0,

x′′ − (x− δα) = 0, y′′ − (y − δβ) = 0
(8)
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Figure 1:

The possibility of stabilization of the system with respect to all the variables
by introducing rotation with respect to some part of variables is considered.
Analysis of a system of inequalities, which have been obtained as the conditions
of the fact that the roots of equation (2) are different and purely imaginary [9],
has be executed. These results complement to the known results [8].
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