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Abstract

Contrary to  the  KAM theorem (Kolmogorov 1954,  Arnold 1963,  Moser  1962),  which asserts  stability for  all  times of

those  orbits  of  a  nonlinear  dynamical  system,  with  initial  conditions  belonging  to  a  Cantor  set  of  tori  of  non-zero

measure,  exponential  stability can be applied to all orbits in open domains of the phase space, whether they lie  on an

invariant  torus or  not.  The corresponding theorem proven by Nekhoroshev (1977) defines stability regions for a finite

time T in both, regular and chaotic domains of the phase space. In a recent paper (Lhotka et al., 2008) the theorem was

applied successfully to the case of the equilateral configuration of asteroids in our solar system. To calculate the normal

forms and the remainder terms we had to perform intense algebraic calculations to solve the homological equations on

the  one  hand and to estimate  the  size  of  the  remainders  on the  other  hand.  For  this  purpose we wrote a Mathematica

package  dealing  with  multivariate  polynomial  manipulation,  implemented  on  a  computer  cluster  grid.  The  talk  will

concentrate  on  both  the  possible  applications  of  normal  forms  calculated  by  using  computer  algebra  manipulators  in

Celestial  Mechanics  on  the  on  hand  and on  the  connection of  Nekhoroshev estimates  and  remainder  terms of  normal

form series on the other hand.

Background

Consider the Hamiltonian model of nearly integrable systems of the form

(1)HHJ , fL = H0HJ L+ e H1HJ , fL,

where  H0  is  the  integrable,  H1  is  the  disturbing  part  and  HJ , fL  are  the  action-angle  variables  of  dimension  n.  The

theorem due to Nekhoroshev (1977) states, that for a perturbing parameter e < e0  (the Nekhoroshev regime) exponential

stability is guaranteed for finite times T :

(2)" t § T = O ‰
J e0

e
Nb 

: » J HtL- J H0L » > OHeaL.

Here  a, b  and e0  are  parameters  depending on  the  number  of  degree  of  freedom (d.o.f.)  and the  particular  form (e.g.

steepness  conditions)  of  H0  and  H1.  See  also  Benettin  et  al.  1985,  Giorgilli  1988,  Lochak  1992,  Pöshel  1993.  The

theorem was  further  generalized  for  isochronous  symplectic  mappings with  elliptic  fixed points  (Bazzani  et  al.  1990)

and also for non-isochronous formulations to systems with elliptic equilibria (e.g. Guzzo et al. 1998, Fassó et al. 1998).

In  all  these  generalized  theorems  the  small  parameter  is  essentially  the  distance  r  from  the  equilibrium,  and  the

theorems  assert  that  orbits  librating  around  the  fixed  point  at  a  distance  r  (in  phase  space)  have  a  stable  motion  for

times exponentially long in 1 ê r:

(3)… rHtL- rH0L … < rH0La, " t § T = O ‰
J r*
r
Nb

.

The  parameters  a, b   are  again  exponents  depending  on  the  number  of  d.o.f  (e.g.  in  the  isochrounos  case  b = 2 ên,

Efthymiopoulos et al. 2004) and r* is the limit up to which the Nekhoroshev regime applies. The proofs of the theorems



(2),  (3)  are  in  principle  based  on  estimating  the  size  of  the  remainders  of  normal  forms  of  Hamiltonian  systems  or

symplectic mappings on the one hand and on analyzing the geometry of class of dynamical systems on the other hand.

Particular  applications  of  the  above  estimates  in  Celestial  Mechanics  were  given  in  the  case  of  the  1 : 1  MMR  of

Jupiter´s  Trojan  asteroids  (Simó  1989,  Giorgilli  et  al.  1989,  Celletti  &  Giorgilli  1991,  Giorgilli  &  Skokos  1997,

Efthymiopoulos  2005,  Efthymiopoulos  &  Sándor  2005)  originating  from  first  exponential  stability  estimates  in  this

system due to Littlewood 1959a,b. Estimates were given in both, the Hamiltonian and the symplectic mapping approach.
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