Construction of Asymptotic Solutions for the Generalized Hénon-Heiles System in Nonintegrable Case

S.Yu. Vernov^1

Skobeltsyn Institute of Nuclear Physics, Moscow State University, Vorob’evy Gory, Moscow, 119992, Russia

Abstract The Hénon–Heiles system in the general form is studied. In a nonintegrable case new solutions have been found as formal Laurent series, depending on three parameters. One of the parameters determines a location of the singularity point, other parameters determine coefficients of the Laurent series. For some values of these two parameters the obtained Laurent series coincide with the Laurent series of the known exact solutions.

1 The Hénon–Heiles Hamiltonian

Let us consider a three-dimensional galaxy with an axial-symmetric and time-independent potential function. The equations of galactic motion admit two well-known integrals: energy and angular momentum. If we know also the third integral of motion, then we can solve the motion equations by the method of quadratures. However, the third integral as a polynomial function does not exist in the general case.

In the 1960s numerical [1] and asymptotic methods [2, 3] have been developed to show either existence or absence of the third integral for some polynomial potentials. Hénon and Heiles wrote [1]: ”In order to have more freedom of experimentation, we forgot momentarily the astronomical origin of the problem and consider its general form: does an axisymmetrical potential admit a third isolating integral of motion ?”. They have proposed the following Hamiltonian: H = 1 2 ( x^2_t + y^2_t + x^2 + y^2 ) + x^2y − 1 3 y^3, (1)

because: (a) it is analytically simple; this makes the numerical computations of trajectories easy; (b) at the same time, it is sufficiently complicated to give trajectories, which are far from trivial. Indeed, Hénon and Heiles found that for low energies this system appeared to be integrable, in so much as trajectories (numerically integrated) always lay on well-defined two-dimensional surfaces. On the other hand, they also obtained that for high energies many of these integral surfaces were destroyed and that phase space acquired large ergodic regions. The Hénon–Heiles system became a paradigm of chaotic Hamiltonian dynamics.

Let us consider the Hénon–Heiles Hamiltonian in the general form: H = 1 2 ( x^2_t + y^2_t + λx^2 + y^2 ) + x^2y − C 3 y^3, (1^′)

1E-mail: svernov@theory.sinp.msu.ru, home page: http://theory.sinp.msu.ru/∼svernov

where C and λ are numerical parameters.

Investigations of the generalized Hénon–Heiles system: x_{tt} = −λx − 2xy, y_{tt} = −y − x^2 + Cy^2, (2) can be separated on the following ways:

1. The solutions of (2) have been investigated in the complex time plane using numerical integration techniques [4–6].

2. The second integral as formal power series in phase variables x, x_t, y and y_t (Gustavson integral) has been constructed for the Hénon–Heiles system both in the original (λ = 1, C = 1) [3] (see also [7]) and in the general forms [8]. To obtain the second integral Gustavson has constructed the normal form of Hamiltonian (1). Using the Bruno algorithm [9] V.F. Edneral has constructed the Poincaré–Dulac normal form and found (provided that all phase variables are small) local families of periodic solutions of Hénon–Heiles system both in the original [10] and in the general [11] forms.

3. The singularities at the fixed points in phase space are locally analyzed via normal form theory, whereas the singularities in the complex (time) plane are studied by the Painlevé analysis. Using this analysis three integrable cases of system (2) have been found:

(i) C = −1, λ = 1, (ii) C = −6, λ is an arbitrary number, (iii) C = −16, λ =^1_{16} .

The nontrivial cases are (ii) and (iii), case (i) is separable. To prove the integrability in the cases (ii) and (iii) the second integrals have been found [12–15]^2. Further development of the Painlevé approach has led to finding of the Bäcklund transformations [17] and the Lax representations [18, 19] for the integrable cases of (2).

4. It is known that the variable y as a solution of the Hénon–Heiles system has to satisfy the following fourth-order equation:

y_{tttt} = (2C − 8)y_{tt}y − (4λ + 1)y_{tt} + 2(C + 1)y^2_t + 20C 3 y^3 + (4Cλ − 6)y^2 − λy − 4H. (3)

To find a special solution of this equation one can assume that y satisfies some more simple equation. For example, it is well known that the Hénon–Heiles system and, hence, equation (3) have solutions in terms of the Weierstrass elliptic functions satisfying the first-order differential equation:

y^2_t = Ay^3 + By^2 + Cy + D, (4)

where A, B, C and D are some constants.

E.I. Timoshkova [20] generalized equation (4):

y^2_t = Ay^3 + By^2 + Cy + D + Gy^{5/2} + Ey^{3/2} (5)

and found new one-parameter sets of solutions of the Hénon–Heiles system in nonintegrable cases (C = −^4_3 or C = −^{16}_5 , λ is an arbitrary number).

In the present paper I use the Painlevé method to find asymptotic solutions of the Hénon–Heiles system in the case C = −^{16}_5 .

2A geometrical interpretation of the second integral in the case (ii) is presented in [16].

2 The Painlevé property

The Painlevé property for ordinary differential equations (ODE’s) is defined as follows. Solutions of a system of ODE’s are regarded as analytic functions, may be with isolated singular points [21]. A singular point of a solution is said critical if the solution is multivalued in the neighborhood of it and movable if its location depends on initial conditions.

Definition. A system of ODE’s is said to have the Painlevé property if its

general solution has no movable critical singularity [22].

All solutions of such systems (systems of P-type) are expressible as simple Laurent series. As known a Hamiltonian system in a 2s–dimensional phase space is called completely integrable , if it possesses s independent integrals which commute with respect to the associated Poisson bracket. When this is the case, the equations of motion are (in principal, at least) separable and solutions can be obtained by the method of quadratures. Since the work of S.V. Kovalevskaya [23] (see also [24]) on the motion of a rigid body about a fixed point, the Painlevé property has been proposed as a criterion for complete integrability [25–27]. If the system misses the Painlevé property (has complex or irrational ”resonances”), then the system cannot be ”algebraically integrable” [28] (see also [29] and references there in). N. Ercolani and E.D. Siggia [30] advance arguments as to why the Painlevé test works, i.e. they showed how to exploit the singular analysis to yield the integrals. They proved a theorem which demonstrates that the singularity analysis provides bounds on the degrees of polynomial integrals for a large class of separable systems.

3 The Painlevé test

The Painlevé test is any algorithm designed to determine necessary conditions for a differential equation to have the Painlevé property. The original algorithm developed by Painlevé [22] is known as the α-method. The method of S.V. Kovalevskaya [23] is not as general as the α-method but is more simple than it is. In 1980, motivated by the work of S.V. Kovalevskaya, M.J. Ablowitz, A. Ramani and H. Segur [31] developed a new algorithm of the Painlevé test for ODE’s^3. Using this algorithm one can determine whether a system of ODE’s admits movable branch points, either algebraic or logarithmic. This algorithm can be used not only to isolate values of parameters of integrable cases, but also to find asymptotic special solutions even in nonintegrable cases.

If one substitutes in a system of ODE’s, for example, in system (2):

x = ~cx_α(t − t_0)^α + N_{max}∑ j=1 ~cx_{j+α}(t − t_0)^{j+α} and y = ~cy_β(t − t_0)^β + N_{max}∑ j=1 ~cy_{j+β}(t − t_0)^{j+β}, 3In [31] Ablowitz et al. have proved that if a partial differential equation (PDE) is solvable by the inverse scattering transform and a system of ODE’s is obtained from this PDE by the exact similarity reduction, then the solutions (of this system of ODE’s), associated with Gel’fand–Levitan–Marchenko equation, will possess the Painlevé property. Furthermore, they conjecture that, when all the ODE’s obtained by exact similarity transforms from a given PDE have the Painlevé property, perhaps, after a change of variables, then PDE will be ”integrable”. A powerful generalization of the Painlevé test for both nonlinear ordinary and partial differential equations was developed by J.Weiss, M.Tabor and G.Carnevale [32, 33] (see also [16,34–40]).

where N_{max}, α, β, ~cx_α and ~cy_β are some known constants, then the system of ODE’s transforms into a set of linear algebraic systems in coefficients ~cx_k and ~cy_k. In the general case one can obtain the exact solutions (in the form of formal Laurent series) only if one solves infinity number of systems: N_{max} = ∞. On the other hand, if one solves a finite number of systems then one obtains asymptotic solutions. With the help of some computer algebra system, for example, the system REDUCE [41, 42], these systems can be solved step by step and asymptotic solutions can be automatically found with any accuracy. But previously one has to determine values of constants α, β, ~cx_α and ~cy_β and to analyze systems with zero determinants. Such systems correspond to new arbitrary constants or have no solutions. The powers at which enter new arbitrary constants are called resonances. The Painlevé test gives all information about possible dominant behaviors and resonances.

For the generalized Hénon-Heiles system two possible dominant behaviors and resonance structures have been found [5, 25, 38]:

Case 1: Case 2: (β < ℜe(α) < 0)

α = −2, α =^{1±} √_{1−48/C} 2 , β = −2, β = −2, ~cx_α = ±3 √ 2 + C, ~cx_α = a_1 (an arbitrary number), ~cy_β = −3 ~cy_β =^6_C ,

r = −1, 6,^5_2 ±

√_{1−24(1+C)} 2 . r = −1, 0, 6, ± √ 1 −^{48}_C .

The variable r denotes resonances: r = −1 corresponds to arbitrary parameter t_0; r = 0 (in the Case 2) corresponds to arbitrary parameter a_1; other values of r are numbers of system with zero determinants (if some values are not integer, then the system is not of P-type). It is possible that an original system is not of P-type, but after some change of variables the obtained system is of P-type^4.

At C = −^{16}_5 in the Case 1 some values of r are not rational. This result means, that the Hénon–Heiles system with C = −^{16}_5 is a nonintegrable system. There is no algorithm to find the general solution for such system. To find a special asymptotic solutions let us consider the Case 2. In this case we obtain α = −^3_2 , so to get single-valued functions we have to introduce new variables z = x^2 and to consider the following system instead of (2): { z_{tt}z =^1_2 z^2_t − 2λz^2 − 4z^2y, y_{tt} = −y − z −^{16}_5 y^2. (6) It is easy to see that r = −1, 0, 4, 6, hence, the systems with zero determinants have numbers 4 and 6. Substituting (ã_1 ≡ a^2_1)

z = ã_1(t − t_0)^{−3} + 6∑ j=1 ~cz_{j−3}(t − t_0)^{j−3} and y = − 15 8 (t − t_0)^{−2} + 6∑ j=1 ~cy_{j−2}(t − t_0)^{j−2}, 4In this case the original system is said to have the weak Painlevé property. For example, in the integrable case (iii) system (2) has the weak Painlevé property. The interesting example of a system with the weak Painlevé property is presented in [43].

where ~cy_j and ~cz_j are unknown constants, we obtain that the fourth system is:

557056ã^6_1 + ã^4_1 ( 15552000λ − 4860000 ) + ã^2_1 ( 864000000~cy_2 + 108000000λ^2 − 67500000λ + 10546875 ) = 0,

818176ã^4_1 + ã^2_1 ( 15660000λ − 4893750 ) − 810000000~cy_2 − 6328125 = 0. (7)

As one can see this system does not include ~cz_1, so ~cz_1 is an arbitrary parameter (a constant of integration). At any value of λ this system can be solved as system in ~cy_2 and ã_1. We obtain new constant of integration ~cz_1, but we must fix ã_1, so number of constants of integration is equal to 2. It is easy to verify that ~cy_4 is an arbitrary parameter, because the corresponding system is equivalent to one linear equation. So, using Painlevé test, we obtain an asymptotic solution which depends on three parameters: t_0, ~cz_1 and ~cy_4.

4 New asymptotic solutions

Now it is easy to obtain asymptotic solutions with arbitrary accuracy. For given values of λ one has to choose ã_1 as one of the roots of system (7). After this the coefficients ~cz_j and ~cy_j as functions of ~cz_4 and ~cy_6 can be found automatically due to computer algebra system REDUCE [41, 42]. For some values of λ asymptotic solutions have been found as the following series (without loss the generality we can put t_0 = 0):

z = ã_1t^{−3} + 50∑ j=1 ~cz_{j−3}t^{j−3} and y = − 15 8 t^{−2} + 50∑ j=1 ~cy_{j−2}t^{j−2}. For example, if λ =^1_9 , then system (7) has the following solutions (ã_1 ≠ 0): { ã_1 = ± 25 √ 2 16 , ~cy_2 = − 1819 663552 } , { ã_1 = ± 25i √ 13 8 √ 374 , ~cy_2 = − 8700683 1364926464 } . If ã_1 = ±^{25√2}_{16} , then we obtain that at real values of parameters solutions are real:

z =^{25√2}_{16} t^{−3} +^{125}_{192} t^{−2} +^{25√2}_{768} t^{−1} +^{1625}_{82944} + ~cz_1t+ + (_{21845}

47775744 − √ 2 6 ~cz_1 ) t^2 +

(_{437425}√_2

9172942848 − 25 √ 2 48 ~cy_4 −^{191}_{3456} ~cz_1 ) t^3 + . . . ,

y = −^{15}_8 t^{−2} +^{5√2}_{32} t^{−1} −^{205}_{2304} +^{115√2}_{13824} t −^{1819}_{663552} t^2+ + (_{1673}√_2

11943936 + 1 6 ~cz_1 ) t^3 + ~cy_4t^4 +

(_{1044461}√_2

220150628352 − 19 9216 ~cz1 − 1 2 ~cy_4 ) t^5 + . . .

(8.1)

and z = −^{25√2}_{16} t^{−3} +^{125}_{192} t^{−2} −^{25√2}_{768} t^{−1} +^{1625}_{82944} + ~cz_1t+ + (_{21845}

47775744 + √ 2 6 ~cz_1 ) t^2 +

(_{437425}√_2

9172942848 − 25 √ 2 48 ~cy_4 −^{191}_{3456} ~cz_1 ) t^3 + . . . ,

y = −^{15}_8 t^{−2} −^{5√2}_{32} t^{−1} −^{205}_{2304} −^{115√2}_{13824} t −^{1819}_{663552} t^2− − (_{1673}√_2

11943936 + 1 6 ~cz_1 ) t^3 + ~cy_4t^4 −

(_{1044461}√_2

220150628352 − 19 9216 ~cz1 − 23 √ 2 384 ~cy_4 ) t^5 + . . .

(8.2)

Numerical analysis shows [44] that coefficients tend to zero very rapidly when the absolute values of the parameters are less than unit.

5 The connection between asymptotic solutions and exact solutions

E.I. Timoshkova [20] found that solutions of the following equation

y^2_t = Ãy^3 + G̃y^{5/2} + B̃y^2 + Ẽy^{3/2} + C̃y + D̃, (9)

where Ã =^{−32}_{15} , D̃ = 0, B̃, C̃, G̃ and Ẽ are some depending on λ constants, satisfy (3) at C = −^{16}_5 . Changing variables: y = ϱ^2, we obtain the following equation:

ϱ^2_t = 1 4 ( Ãϱ^4 + G̃ϱ^3 + B̃ϱ^2 + Ẽϱ + C̃ ) . (10)

Equation (10) is of P-type. The general solution of equation (10) has only one arbitrary parameter t_0 and can be expressed in elliptic functions [45].

For all values of λ the trajectories of motion are given by the following equation:

x^2 ≡ z = − 1 2 ( 5 2 G̃y^{3/2} + 2(B̃ + 1)y + 3 2 Ẽy^{1/2} + C̃ ) . (11)

Let us compare the asymptotic solutions (8.1) and (8.2) with these exact solutions. It is easy to verify, for example, with the help of the Painlevé test of equation (10), that at points of singularities these solutions and our asymptotic solutions have the same asymptotic behavior. It means that for some values of parameters ~cz_1 and ~cy_4 our Laurent series give exact solutions and, hence, converge.

Let us consider in detail the case of λ =^1_9 . In this case the following solutions have been found [20]:

x^2 ≡ z = − y 3 5 3 − 2i √ 5y 3 , (12) where y satisfies the following equation:

y^2_t + 32 15 y^3 + 4 9 y^2 ± 8i √ 135 y^{5/2} = 0. (13)

For sign ”+”: y = − 5 3 ( 1 − 3 sin (_{t−t0} 3 ))_2 and z = 25 ( 1 − sin (_{t−t0} 3 ) ) 9 ( 1 − 3 sin (_{t−t0} 3 ))_3 . (14.1)

For sign ”−”: y = − 5 3 ( 1 + 3 sin (_{t−t0} 3 ))_2 and z = 25 ( 1 + sin (_{t−t0} 3 ) ) 9 ( 1 + 3 sin (_{t−t0} 3 ))_3 . (14.2)

It is easy to verify that the series (8.1) with ~cy_4 = −^{858455}_{12039487488} and ~cz_1 =^{3205√2}_{3981312} are the Laurent series of (14.1) and the series (8.2) with ~cy_4 = −^{858455}_{12039487488} and ~cz_1 = −^{3205√2}_{3981312} are the Laurent series of (14.2). So, our asymptotic series converge for these values of parameters. It is possible that our asymptotic series with other values of parameters converge as well. I plan to analyze this question in future.

CONCLUSIONS

Using the Painlevé analysis one can not only define whether the system is integrable or not, but find special asymptotic solutions even in nonintegrable case as well. We have found special solutions of the Hénon–Heiles system with C = −^{16}_5 . These special solutions are asymptotic solutions and depend on three parameters. The obtained solutions with some values of two parameters coincide with the one-parameter set of exact solutions.

The author is grateful to R. I. Bogdanov and V. F. Edneral for valuable discussions and E. I. Timoshkova for comprehensive commentary of [20]. This work has been supported by the Russian Foundation for Basic Research under grants N∘ 00-15-96560 and N∘ 00-15-96577.

References

[1] M. Hénon, C. Heiles, Astronomical J., 1964, v. 69, pp. 73–79.

[2] G. Contopoulos, Zeitschrift für Asrtophysik, 1960, v. 49, pp. 273–291; Astronomical J., 1963, v. 68, pp. 1–14; Astronomical J., 1963, v. 68, pp. 763–779.

[3] A.G. Gustavson, Astronomical J., 1966, v. 71, pp. 670–686.

[4] Y.F. Chang, M. Tabor, J. Weiss, G. Corliss, Phys. Lett. A, 1981, v. 85, pp. 211–213. [5] Y.F. Chang, M. Tabor, J. Weiss, J. Math. Phys., 1982, v. 23, pp. 531–538. [6] J.C.B. de Figueiredo, C.G. Ragazzo, C.P. Malta, Phys. Lett. A, 1998, v. 241, pp. 35– 40. [7] J.K. Moser, Lecture on Hamiltonian Systems, Memoirs of the AMS, 1968, v. 81, pp. 1–60, {in English}, 1973, ”Mir”, Moscow, {in Russian}.

[8] M. Braun, J. of Differential Equations, 1973, v. 13, pp. 300–318. [9] A.D. Bruno, Local method in Nonlinear Differential Equations, Springer Series in Soviet Mathematics, ISBN-3-540-18926-2, 1989; Power Geometry in Algebraic and Differenti al Equations, Moscow, Nayka, 1998, {in Russian}.

[10] V.F. Edneral, Mathematics and Computers in Simulations, 1998, v. 45, pp. 445–463. [11] V.F. Edneral, Proc. of CASC 2001 (Konstanz, Germany, 2001), ed. by Ganzha et al., 2001, Springer, pp. 167–176.

[12] J. Greene, Preprint La Jolla Institute LJI-TN-81-122, 1981. [13] B. Grammaticos, B. Dorizzi, R. Padjen, Phys. Lett. A, 1982, v. 89, pp. 111–113. [14] L.S. Hall, Physica D, 1983, v. 8, pp. 90–106.

[15] A.P. Fordy, Phys. Lett. A, 1983, v. 97, pp. 21–23; Physica D, 1991, v. 52, pp. 204– 210.

[16] C. Clementi, M. Pettini, A Geometric Interpretation of Integrable Motions, arXiv:astro-ph/0105364, 2001.

[17] J. Weiss, Phys. Lett. A, 1984, v. 102, pp. 329–331; Phys. Lett. A, 1984, v. 105, pp. 387–389.

[18] A.C. Newell, M. Tabor, Y.B. Zeng, Physica D, 1987, v. 29, pp. 1–68. [19] M. Antonowicz, S. Rauch-Wojciechowski, Phys. Lett. A, 1992, vol. 163, pp. 167–172.

[20] E.I. Timoshkova, Russian Astronomical J., 1999, v. 76, pp. 470–475, {in Russian}, Astronomical Reports, 1999, v. 43, p. 406, {in English}.

[21] V.V. Golubev, Lectures on Analytical Theory of Differential Equations, Gostekhizdat, Moscow–Leningrad, 1950, {in Russian}.

[22] P. Painlevé, Leçons sur la théorie analytique des eq́uations différentelles (Leçons de Stockholm, 1895), Paris, 1896; Bull Soc. Math. France, 1900, v. 28, pp. 201–261; Acta Mathematica, 1902, v. 25, pp. 1–85; reprinted in: Oeuvres de P. Painlevé, Vol. 1, ed. du CNRS, Paris, 1973.

[23] S.V. Kovalevskaya, Acta Mathematica, 1889, v. 12, pp. 177–232; Acta Mathematica, 1890, v. 14, pp. 81–93, {in French}; Scientific Works, Moscow, 1948, {in Russian}.

[24] V.V. Golubev, Lectures on the Integration of the Equation of Motion of a Weighty Rigid Body about a Fixed Point, State Pub. House, Moscow, 1953, {in Russian}.

[25] T. Bountis, H. Segur, F. Vivaldi, Physical Review A, 1982, v. 25, pp. 1257–1264. [26] A. Ramani, B. Grammaticos, T. Bountis, Physics Reports, 1989, v. 180, pp. 159–245. [27] R. Conte (ed.), The Painlevé property, one century later, CRM series in mathematical physics, Springer, Berlin, 1998.

[28] H. Yoshida, Celestial Mechanics, 1983, v. 31, pp. 363–379, 381–399. [29] H. Yoshida, Physica D, 1999, v. 128, pp. 53–69.

[30] N. Ercolani, E.D. Siggia, Phys. Lett. A, 1986, v. 119, pp. 112–116; Physica D, 1989, v. 34, pp. 303–346.

[31] M.J. Ablowitz, A. Ramani, H. Segur, Lett. Nuovo Cimento, 1978, v. 23, pp. 333–338;

J. Math. Phys., 1980, v. 21, pp. 715–721, 1006–1015.

[32] J. Weiss, M. Tabor, G. Carnevale, J. Math. Phys., 1983, v. 24, pp. 522–526. [33] J. Weiss, J. Math. Phys., 1983, v. 24, pp. 1405–1413. [34] R. Conte, Phys. Lett. A, 1989, v. 140, pp. 383–390. [35] R. Conte, M. Musette, J. Math. Phys., 1991, v. 32, pp. 1450–1457. [36] R. Conte, A.P. Fordy, A. Pickering, Physica D, 1993, vol. 69, pp. 33–58. [37] R. Conte, Exact solutions of nonlinear partial differential equations by singularity analysis, arXiv:nlin.SI/0009024, 2000.

[38] M. Tabor, Chaos and Integrability in Nonlinear Dynamics, Wiles, New York, 1989, {in English}, URSS, Moscow, 2001, {in Russian}.

[39] F. Cariello, M. Tabor, Physica D, 1989, v. 39, pp. 77–94.

[40] R. Sahadevan, TMF (Rus. J. of Theor. & Math. Phys.), 1994, v. 99, pp. 528–536. [41] A.C. Hearn, REDUCE. User’s Manual. Vers. 3.6, RAND Publ. CP78, 1995. [42] V.F. Edneral, A.P. Kryukov, A.Ya. Rodionov, The Language for Algebraic Computation REDUCE, Moscow, MSU Publ. House, 1989, {in Russian}.

[43] S.Yu. Sakovich, A system of four ODEs: the singularity analysis, arXiv:

nlin.SI/0003039 v2, 2001.

[44] S.Yu. Vernov, The Painlevé Analysis and Partial Solutions for Nonintegrable Systems, arXiv:math-ph/0203003, 2002.

[45] A. Erdelyi et al., eds., Higher Transcendental Functions (based, in part, on notes left by H. Bateman). Vol. 3, MC Graw-Hill Book Company, New York, Toronto, London, 1955, {in English}, ”Nauka”, Moscow, 1967, {in Russian}.