The physical degrees of freedom of the RS2 model

Mikhail N. Smolyakov^∗, Igor P. Volobuev

∗Physics Department, Moscow State University 119992 Moscow, Russia Institute of Nuclear Physics, Moscow State University 119992 Moscow, Russia

Abstract

Equations for linearized gravity in the RS2 model with matter on the brane are solved exactly in a convenient and physically transparent gauge. It is shown that due to the physical boundary conditions at infinity for metric fluctuations and gauge functions the radion field cannot be completely gauged out in the case of presence of matter on the brane.

1 Introduction

The Randall-Sundrum model with one brane (RS2 model) [1] represents a possible way of localizing gravity on a brane in the case of one infinite extra dimension. The model describes gravity in a five-dimensional space-time E with one brane embedded into it. Let us denote the coordinates in E by {x^M } ≡ {x^μ, x^4}, M = 0, 1, 2, 3, 4, μ = 0, 1, 2, 3, the coordinate x^4 ≡ y parameterizing the fifth infinite dimension. The brane is located at y = 0, and all the fields possess a symmetry under the reflection y ↔ −y, which reads g_{μν} (x, −y) = g_{μν} (x, y), g_{μ4}(x, −y) = −g_{μ4}(x, y), g_{44}(x, −y) = g_{44}(x, y). (1) It is evident, that the RS2 model can be obtained from the Randall-Sundrum model with two branes (RS1 model) [2] by pushing the negative tension brane to infinity.

It is universally recognized that the scalar mode of the gravitational field - the radion field, which plays an important role in the RS1 model (it describes the oscillations of the branes with respect to each other) is absent in the RS2 model, since there is only one brane in this model. In papers [1, 3, 4] it was noted that the 44-component of the metric fluctuations, which corresponds to this scalar mode, could be gauged out. However, in this gauge the brane is located not at y = 0, but at y = ξ(x). Obviously, this formulation, which was called the ”bent-brane” formulation, destroys the reflection symmetry (1), which makes the approach based on this gauge inconsistent. This fact was noted in [5]. In paper [6] it was observed that gauging out the radion field in the straight brane formulation with matter on the brane leads to unphysical solutions, which diverge at infinity. Thus, it looks as if this field were of particular importance in the RS2 model. In the present paper we are going to study the role of the radion in the RS2 model more thoroughly. In the beginning let us briefly discuss the main features of the RS2 model.

The action of the model is S = 1 16πĜ ∫ E (R − Λ) √ −g d^4xdy + V ∫ E √ −g̃δ(y)d^4xdy, (2) where g̃_{μν} is the induced metric on the brane and V is the brane tension. The signature of the metric g_{MN} is chosen to be (−, +, +, +, +).

The Randall-Sundrum solution for the metric is given by ds^2 = g_{MN} dx^M dx^N = e^{2σ(y)}η_{μν} dx^μdx^ν + dy^2, (3) where η_{μν} is the Minkowski metric and the function σ(y) = −k|y|. The parameter k is positive and has the dimension of mass; the parameters Λ and V are related to it as follows:

Λ = −12k^2, V = − 3k 4πĜ . Thus, the brane has a positive energy density.

We parameterize the metric g_{MN} as g_{MN} = γ_{MN} + κ̂h_{MN} , (4)

where Ĝ is the five-dimensional gravitational constant, κ̂ = √ 16πĜ and h_{MN} are the metric fluctuations. Substituting this parameterization into (2) and retaining the terms of the zeroth order in κ̂, we get the second variation action of this model. In [7] the second variation action for the RS1 model was obtained. We can easily apply this result to the RS2 model just by changing the definition of σ(y) and of its derivatives.

The action is invariant under the gauge transformations h^′_{μν} (x) = h_{μν} (x) − (∂_μξ_ν + ∂_ν ξ_μ + 2γ_{μν} ∂_4σξ_4) , (5) h^′_{μ4} (x) = h_{μ4} (x) − (∂_μξ_4 + ∂_4ξ_μ − 2∂_4σξ_μ) , (6) h^′_{44} (x) = h_{44} (x) − 2∂_4ξ_4, (7) where the functions ξ^M (x, y) satisfy the symmetry conditions ξ^μ (x, −y) = ξ^μ (x, y) , ξ^4 (x, −y) = −ξ^4 (x, y) . (8)

2 Equations of motion and gauge conditions

The interaction of linearized gravity with matter on the brane has the standard form κ̂ 2 ∫ brane h^{μν} (x, 0)t_{μν} (x)dx, (9) t_{μν} (x) denoting the energy-momentum tensor of the matter. The corresponding equations of motion look as follows:

1) μν-component 1 2 (∂_ρ∂^ρh_{μν} − ∂_μ∂^ρh_{ρν} − ∂_ν ∂^ρh_{ρμ} + ∂_4∂_4h_{μν} ) − (10)

− 2k^2h_{μν} + 1 2 ∂_μ∂_νh̃ + 1 2 ∂_μ∂_ν h_{44} − ∂_4σ(∂_μh_{ν4} + ∂_ν h_{μ4}) − 1 2 ∂_4(∂_μh_{ν4} + ∂_ν h_{μ4}) + + 1 2 γ_{μν} ( ∂^ρ∂^σ h_{ρσ} − ∂_ρ∂^ρh̃ − ∂_4∂_4h̃ − 4∂_4σ∂_4h̃ − ∂_ρ∂^ρh_{44} + 12k^2h_{44} + 3∂_4σ∂_4h_{44} +

+ 2∂^ρ∂_4h_{ρ4} + 4 ∂_4σ∂^ρh_{ρ4} ) + (2kh_{μν} − 3kγ_{μν} h_{44}) δ(y) = − κ̂ 2 t_{μν} (x)δ(y),

2) μ4-component

∂_4(∂_μh̃ − ∂^ν h_{μν} ) − 3∂_4σ∂_μh_{44} − ∂^ν (∂_μh_{ν4} − ∂_ν h_{μ4}) = 0, (11)

3) 44-component 1 2 (∂^μ∂^ν h_{μν} − ∂_μ∂^μh̃) − 3 2 ∂_4σ∂_4h̃ + 6k^2h_{44} + 3∂_4σ∂^μh_{μ4} = 0, (12)

where h̃ = γ^{μν} h_{μν} and all indices are raised with metric γ^{μν} .

In what follows, we will also use an auxiliary equation, which is obtained by multiplying the equation for 44-component by 2 and subtracting it from the contracted equation for μν-component. This equation contains h̃, h_{μ4} and h_{44} only and has the form:

∂_4 ( e^{2σ}∂_4h̃ ) − 4∂_4 ( e^{2σ} ∂_4σh_{44} ) − 2∂_4(e^{2σ}∂^μh_{μ4}) + □h_{44} = κ̂ 3 t^μ(x)δ(y), (13) where □ = η^{μν} ∂_μ∂_ν .

First, we would like to emphasize that, in general, all fluctuations of metric must satisfy the physical boundary conditions at y → ±∞, x^i → ±∞ (i = 1, 2, 3), i.e. they must be finite at spatial infinity. Any solution of equations (10)-(13) can be expressed as a sum of solutions of the corresponding inhomogeneous and homogeneous equations. Solutions of the homogeneous equaitons, which are of plane wave type, can be finite at spatial infinity, whereas solution of the inhomogeneous equations must vanish at infinity for physical reasons. These assumptions are reasonable - for example, the h_{00}-component is associated with Newton’s potential, which must vanish at infinity (for the matter, which is localized in some finite domain). Below we will show that the fields of certain exact solutions (for example, with point-like matter sources) do satisfy these boundary conditions.

Obviously, the gauge functions ξ^M (x, y) must be finite everywhere in E. It follows from the definition of the gauge transformations. Thus ξ_μ = e^{2σ} η_{μν} ξ^ν |_{y→±∞} → 0 and ξ_4 = g_{44}ξ^4 = ξ^4 is finite at y → ±∞.

Now let us consider equation (13). By integrating it over y in the limits (−∞, ∞) and using the symmetry and the physical boundary conditions for the fields h_{μν} , h_{μ4} and h_{44}, we find that the function φ(x), defined by ∫_∞ −∞ h_{44}(y) dy = φ(x), (14)

is not equal to zero and satisfies the equation

2e^{2σ}∂_4h̃|_{y→∞} − 4e^{2σ} ∂^μh_{μ4}|_{y→∞} + □φ(x) = κ̂ 3 η^{μν} t_{μν} (x) ≡ κ̂ 3 t(x). (15)

We represent h_{44} as h_{44}(y) = h^{hom}_{44} (y) + h^{inhom}_{44} (y), (16) where h^{inhom}_{44} (y) is the solution of equation (13) with zero boundary conditions and h^{hom}_{44} (y) is a solution of the corresponding homogeneous equation, which can be finite at y → ±∞. The fields h_{μν} and h_{μ4} can be represented in the same manner as well. Then we get 2e^{2σ}∂_4h̃^{hom}|_{y→∞} − 4e^{2σ}∂^μh^{hom}_{μ4} |_{y→∞} + □φ^{hom}(x) = 0, (17) □φ^{inhom}(x) = κ̂ 3 t(x). (18)

There is a good reason to guess that since φ^{hom}(x) satisfies equation (17) it is finite. Taking ξ_4 of the form

ξ_4(x, y) = 1 4 ∫_y −y h^{hom}_{44} (x, y^′)dy^′, (19)

we can gauge out h^{hom}_{44} (y). Note that ξ_4 does not need to vanish at y → ±∞. Having gauged out h^{hom}_{44} (y), we are still left with h_{44}(y) = h^{inhom}_{44} (y). Now that we have gauged out the plane wave component of the fluctuations of metric, these fluctuations must vanish at spatial infinity (y → ±∞, x^i → ±∞ (i = 1, 2, 3)), i.e must satisfy zero boundary conditions. This issue was discussed above. Correspondingly, we have to reconsider the boundary conditions for the gauge functions. Let us consider equation (6). It follows from this equation that if ξ_4 does not depend on four-dimensional coordinates x, we can satisfy the new physical boundary condition for the field h_{μ4} without requiring ξ_4 to vanish at y → ±∞. But in this case the last term in the r.h.s. of (5) does not satisfy the new physical boundary condition for the field h_{μν} at x^i → ±∞. This means that ξ_4 must be x-dependent and vanish at x^i → ±∞. At the same time the form of the second term in the r.h.s. of (6) shows that ξ_4 must vanish at y → ±∞ to satisfy the zero boundary conditions for the field h_{μ4}. Thus, now we have the following boundary conditions for ξ_M : ξ_M |_xi_{,y→±∞} → 0. (20) Obviously, the admissible gauge transformations do not alter these zero boundary conditions for the metric fluctuations, and therefore equation (15) holds in any gauge. This is an equation for a four-dimensional scalar field, which coincides with the equation for the radion field in the RS1 model with matter on the positive tension brane [8].

Thus, we arrive at the corollary that the radion field cannot be totally gauged out in the RS2 model, because otherwise the equations of motion for linearized gravity become inconsistent. In other words, this means that the gauge functions ξ_4, corresponding to the gauge h_{44} = 0, do not satisfy the boundary conditions at y → ±∞, which is a good check of the consistency of our approach. In fact, this was noted in [6]. It was shown there that the solutions for the linearized gravity in the absence of the radion are unphysical, i.e. they diverge at y = ±∞.

We will use the following form of ξ_4 to impose an appropriate gauge on the field h_{44}:

ξ_4(x, y) = 1 4 ∫_y −y h_{44}(x, y^′)dy^′ − 1 4C ∫_y −y F (y^′)dy^′ ∫_∞ −∞ h_{44}(x, y^′)dy^′, (21)

where F |_{y→±∞} = 0 and C = ∫_∞ −∞ F (y)dy. Note that ξ_4 satisfies the symmetry and the boundary conditions. With the help of (21) we can pass to the gauge, in which

h_{44}(x, y) = F (y)ϕ(x), (22) where ϕ(x) = 1 C ∫_∞ −∞ h_{44}(x, y)dy (23)

and depends on x only. It turns out to be convenient to choose F (y) = e^{2σ} = e^{−2k|y|}. Obviously, the field h_{44} satisfies the symmetry and the physical boundary conditions in this gauge. Moreover, we have no residual gauge transformations with ξ_4. We also note that since ξ_4(x, 0) = 0, the brane remains straight in this gauge, i.e. we do not use the bent-brane formulation [3, 4], which destroys the structure of the model (see [5]).

We would like to note that the gauge choice of the type (22) with an arbitrary finite even function F (y) can be used in the RS1 model as well. For example, a gauge with h_{44}(x, y) ∼ e^{2k|y|} ϕ(x) was used in [9].

Now let us discuss the gauge condition for the field A_μ = h_{μ4}. Let us take the gauge function ξ_μ(x, y) in the following form: ξ_μ(x, y) = e^{2σ} ∫_y −∞ e^{−2σ}A_μ (x^ν , y^′) dy^′. (24)

Of course, this definition makes sense, if the field A_μ is such that the integral in (24) is well convergent to provide an acceptable (∼ e^{2σ} ) decrease of ξ_μ. One can easily see that due to the symmetry A_μ(x, −y) = −A_μ(x, y) (see (1)), ξ_μ(x, y) satisfies the symmetry condition (8). Moreover, it is easy to see that ξ_μ(x, y)|_{y→±∞} → 0, at least in the sense of the principal value of the integral in eq. (24) (again due to the symmetry of A_μ). Finally, it is not difficult to check that the gauge transformation with ξ_μ given by (24) gauges the field A_μ out.

We think that this formal argumentation can be used in favor of the possibility to make the A_μ-field vanish everywhere. Moreover, with a different motivation, an expression similar to (24) was assumed to be well defined in [5]. Anyway, in all the papers concerning the RS2 model it is universally recognized that the field A_μ can be gauged away (see, for example, [6]). Thus, we also adhere to this opinion. As we will see later, equations of motion can be solved exactly in the gauge A_μ = 0 (see also [6]).

After this gauge fixing we are still left with residual gauge transformations of the form

∂_4 ( e^{−2σ}ξ_μ ) = 0. (25)

Now we are ready to solve equations of motion in the gauge

h_{μ4}(x, y) = 0, h_{44}(x, y) = e^{2σ}ϕ(x). (26)

The gauge is very simple and is more transparent from the physical point of view, than that in [5], where the equations of motion for linearized gravity were solved exactly as well.

3 Solution of the equations of motion

The substitution, which allows us to solve equations of motion in the gauge (26), has the form h_{μν} = b_{μν} + 1 2 e^{2σ}γ_{μν} ϕ − 1 2k^2 σ e^{2σ}∂_μ∂_ν ϕ. (27)

Note that if b_{μν} |_{y±→∞} → 0, then h_{μν} |_{y±→∞} → 0. Substituting (27) into (11), (12), (13), using the physical boundary conditions for the field b_{μν} , the symmetry conditions and the gauge transformations (25) we get (in a similar way as it was made in [8]) □ ϕ = κ̂k 3 t. (28) and b = 0, ∂^μb_{μν} = 0, (29) where b = η^{μν} b_{μν} and indices are raised with flat Minkowski metric η^{μν} . The conditions (29) define the gauge, which is usually called the transverse-traceless gauge. Having imposed this gauge, we are still left with residual gauge transformations

ξ_μ = e^{2σ}ϵ_μ(x), □ϵ_μ = 0, ∂^μϵ_μ = 0, (30)

which are important for determining the number of degrees of freedom of the massless mode of b_{μν} .

Substituting (27) into (10) and using (29) and (28), we get the well-known equation 1 2 ( e^{−2σ} □ b_{μν} + ∂_4∂_4b_{μν} ) − 2k^2b_{μν} + 2kb_{μν} δ(y) = − κ̂ 2 δ(y) [ t_{μν} − 1 3 ( η_{μν} − ∂_μ∂_ν □ ) t ] . (31)

This equation is identical to the one obtained by Garriga and Tanaka [3]. It was solved exactly, for example, in [5], and the solution for ordinary (not tachyonic) matter on the brane looks like b_{μν} (x, y) = 1 (2π)^4 ∫ p^2>0 e^{−iημν pμxν} b̃_{μν} (p, y)d^4p, (32) where for p^2 = −p^2_0 + ⃗p^2 > 0 (which includes the static case p_0 = 0)

b̃_{μν} (p, y) = [ t̃_{μν} − 1 3 ( η_{μν} − p_μp_ν p^2 ) t̃ ] κ̂ 2 √ p^2

K_2 (√_{p2} k e^{k|y|} )

K_1 (√_{p2} k ) . (33)

One can easily see that with an appropriate energy-momentum tensor t_{μν} (x) (for example, that of a static point-like source) fields h_{μν} (x, y) and h_{44}(x, y) do decay to zero at the spatial infinity. We would like to note that (33) coincides with the corresponding formula for the RS1 model, obtained in [8], in the limit R → ∞.

Now let us examine gravity on the brane. The fluctuations of the metric on the brane have the following form

h_{μν} (x, 0) = b_{μν} (x, 0) + κ̂k 6 η_{μν} □^{−1}t. (34)

Using (31), one can easily see that equation (34) coincides with the solutions for gravity on the brane, obtained in [3, 4, 5, 6], although we did not use the ”bent-brane” formulation, which was used in [3, 4].

Now we are ready to discuss the number of the independent degrees of freedom in the RS2 model. As we have shown, we cannot completely gauge away the radion field in the presence of matter on the brane (see (15)). We can only gauge out that part of the field, which corresponds to the solution of the equations of motion without matter on the brane. Obviously, if there is no matter on the brane, we deal with equations for the free fields, possessing solutions of the plane wave type (which do not vanish at infinity). It means that in this case the radion field can be gauged out and is no more an independent degree of freedom of the RS2 model. But the radion field appears, if we place matter sources on the brane, and it allows one to solve consistently the equations of motion.

This situation is analogous to that in electrodynamics. It is a common knowledge that longitudinal photons do not appear in the asymptotic states (on the mass shell), whereas their contribution is important in the radiative corrections (off the mass shell). The radion field is very similar to longitudinal photons: it is absent in the asymptotic states, but it is absolutely necessary for consistently describing the interaction off the mass shell.

Acknowledgments

The authors are grateful to B.A. Arbuzov, G.Yu. Bogoslovsky, E.E. Boos, R.N. Faustov, Yu.A. Kubyshin, V.I. Savrin, L.M. Slad and N.P. Yudin for valuable discussions. The work was supported by the grant UR.02.03.002 of the programme ”Universities of Russia”.

References

[1] L. Randall, R. Sundrum, Phys.Rev.Lett. 83 (1999) 4690 [2] L. Randall, R. Sundrum, Phys.Rev.Lett. 83 (1999) 3370 [3] J. Garriga, T. Tanaka, Phys.Rev.Lett. 84 (2000) 2778 [4] S. B. Giddings, E. Katz, L. Randall, JHEP 0003 (2000) 023 [5] I.Ya. Aref’eva, M.G. Ivanov, W. Mück, K.S. Viswanathan, I.V. Volovich, Nucl.Phys. B590 (2000) 273 [6] Z. Kakushadze, Phys.Lett. B497 (2001) 125 [7] E.E. Boos, Yu.A. Kubyshin, M.N. Smolyakov, I.P. Volobuev,

Theor.Math.Phys. 131(2) (2002) 629 [8] M.N. Smolyakov, I.P. Volobuev, arXiv:hep-th/0208025 [9] M. Toharia, arXiv:hep-th/0212036