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(* The integrand of the MB integral for the one-loop massless box diagram with pl~2=

p2"2= p3"2= p4"2=0 *)

nz- Boxl[al_, a2_, a3_, a4_] :=
(§7-at-a2-a3-a4-ep-2 T2 Gamma[al + a2 + a3 + a4 - 2 + ep + z] Gamma[a2 + z] Gamma[a4 + Z]

Gamma[2-al-a2-a4-ep-z] Gamma[2-a2-a3-a4-ep-z] Gamma[-2z] ) /
(Gamma[al] Gamma[a2] Gamma[a3] Gamma[ad4] Gamma[4 -al -a2-a3-a4-2ep]);

(» Notation:
S= (pl+p2) /\2=_S’ t= (pl+p2) A2=_T;
I Pin(d/2) is pulled out, as always =)

(* The box with the powers of the propagators equal to one x)
4= Box1[1, 1, 1, 1]

S-2-€P-Z TZ Gamma[-1 - ep - Z] 2 Gamma[-z] Gamma[l + 2}2 Gamma[2 + ep + Z]

outf4]=
Gamma[-2 ep]

ins= B1=% /. {S->1, T->Xx}

X% Gamma[-1-ep - 2}2 Gamma[-z] Gamma [l + 2]2 Gamma[2 + ep + Z]

Out[5]=
Gamma[-2 ep]

ine:= B1Rules = MBoptimizedRules[B1, ep -0, {}, {ep}]

MBrules::norules : no rules could be found to regulate this integral

our {tep= 11, [z}

in[7:= Blcont = MBcontinue[B1l, ep » 0, BlRules]
Level 1
Taking -residue in z = -1-ep
Level 2
Integral {1}
2 integral (s) found

EulerGamma x-1-¢P Gamma[-ep]? Gamma[l + ep] X 1-¢P Gamma[-ep]? Gamma[l +ep] Log[X]

out[7]= HMBint[f _
Gamma[-2 ep] Gamma[-2ep]

2 x-1-eP Gamma[-ep]? Gamma[1l + ep] PolyGamma[0, -ep]
+

Gamma[-2 ep]

x-1-eP Gamma[-ep]? Gamma[l + ep] PolyGamma [0, 1 + ep]
. ({ep~ 03, (31},

Gamma[-2 ep]

xZ Gamma[-1-ep - z]? Gamma[-z] Gamma[l + z]2 Gamma[2 + e z 1
MBint St z] samnalt e ZIREL tepsor, {20 -2 1}])

Gamma[-2 ep]
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In[8]:=

Out[8]=
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Out[10]=

In[11]:=

out[11]=

In[12]:=

Out[12]=
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In[14]:=

Out[14]=

In[15]:=

Out[15]=

In[16]:=

Out[16]=

Biselect = MBpreselect[Blcont, {ep, 0, 0}]

{MB' t[ EulerGamma x-1-¢P Gamma[-ep]? Gamma[l + ep]
int|- -
Gamma[-2ep]

x-1-eP Gamma[-ep]? Gamma [l + ep] Log[x] 2x1-®° Gamma[-ep]? Gamma[l +ep] PolyGamma[O, -ep]

Gamma[-2 ep] Gamma[-2ep]

x-1-eP Gamma[-ep]? Gamma[l + ep] PolyGamma[O, 1 + ep]

, {{ep- 0},
sammal 2op] (tep- 0}, (11]}

Blselect = MBpreselect[Blcont, {ep, 0, 1}]
EulerGamma x-1-¢P Gamma|[-ep]2 Gamma[l + ep]

{MBint[i Gamma[-2ep] B

x-1-eP Gamma[-ep]? Gamma [l + ep] Log[x] 2x1-®° Gamma[-ep]? Gamma[l +ep] PolyGamma[O, -ep]

Gamma[-2 ep] Gamma[-2ep]

x-1-eP Gamma[-ep]? Gamma[l + ep] PolyGamma[O, 1 + ep]

. ({ep =0}, (1),
Gamma[-2 ep]

MBint

_ [xz Gamma[-1-ep - z]2 Gamma[-z] Gamma[1l + 2}2 Gamma[2 + ep + z]

Blexp = MBexpand [Blselect, E” (EulerGammaep), {ep, 0, 1}]

{MBint[

4 472 2Log[x] T7eprn?lLog[x] eplog[x]® 17epPolyGamma[2, 1]
+ + +

ep?x 3x ep x 6 x 3x 3x
- 2 2 1
MBInt{—ZerZ Gamma[-1-2z]° Gamma[-z] Gamma[l + z]“ Gamma[2 + z], {{ep»O}, {2975}\”

resl =Blexp[[1]]1[[1]]

4 472 2Llog[x] 7epn?lLog[x] eplog[x]® 17epPolyGamma[2, 1]
+ + +

ep?x 3X ep x 6 x 3x 3x

Blexp[[2]]
_ 2 2 1
MBint|-2 ep x* Gamma[-1-2z]“ Gamma[-z] Gamma[l + z]“ Gamma[2 + z], {{epQO}, {z—> _E}H

intl = Blexp[[2]][[1]]

-2 epx*Gamma[-1 - 212 Gamma[-z] Gamma[l + z]2 Gamma[2 + Z]

Simplify[% //. {Gamma[-1-2z] » Gamma[-z] / (-1-2z), Gamma[2 +z] -» Gamma[l+z] (1+2z) }]

2 ep xZ Gamma[-z]3 Gamma[l + 213

1+z
% /. {Gamma[-z]° Gamma[1+2z]° » -n°Csc[xz]°%}

2epxzCsclnz]®

1+2z
(» Now we take residues at z=0,1,2,.,.. *)

% /- Z> Z+n

2ep 3 x"ZCscln (n+2z)]°3

l1+n+2z

1
Gamma[-2 ep] ? {{epeO}, {2%75}}”

. ({ep=0), ()],

+

+
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inf171= % /- {Csc[mr (n+2)] » (-1)"nCsc[nz] }

2 (-1)3"epdxnzCscinz)®

Out[17]= 1in.z
+ N+

s % /. { (=D - (-1)")

2 (-1)"ep 3 x™ZCscinz]®

Out[18]= lin.z
+N+

in[19)= -Residue[%, {z, 0}]
1
out[19]= —73(—1)"ern (2+72+2n7%+n? 7% -2Log[x] - 2nLog[x] +Log[x]?+2nLog[x]?+n?Log[x]?)
(1+n)
in201= Apart[% /. n->n-1, n]

2 (-1)"epx " 2 (-1)"epxlNLog[x] (-1)"epxt" (n?+Log[x]?)
Out[20]= - +
n3 n2 n

In21:= res2 =Sum[%, {n, 1, Infinity}]
1

oufz1= — (-ep?Log[1+x] -epLog[x]?Log[l+Xx] -2epLlog[x] PolyLog[2, -x] +2epPolylLog[3, -x])
X

(» Numerical check *)
inf22)= %/ep/. {x-»0.76, ep-> 0.3}
out22)= -9.70976
in23):= NIntegrate[intl/ep /. {X-»0.76,ep-» 0.3, z->-0.5+1+yl}, {yl, -Infinity, Infinity}]/2/Pi
out23= -9.70976 + 2.67167x 107 1
In[24]:= resl + res2

4 472 2Llog[x] 7epnr?log[x] eplog[x]® 17epPolyGamma[2, 1] 1
+ + + + —
ep?x 33X ep x 6 x 3x 3x X

out[24]=
(-epr?Log[1+Xx] -epLog[x]2Log[1+x] - 2ep Log[x] PolylLog(2, -X] + 2 ep PolyLog(3, -X])
(* This is our result (up to I Pin(d/2) ) =)
in2si= (% /.X->T/S) g-2-ep

4s 425 2Slog[i] T7epr®Slog|i]
- + +

ep2T 3T epT 6T

outesj= S2°°P

1.3
epSLog[g]”  17epSPolyGammal2, 1] 1S
+ + —

3T 3T T

—ep n? Log[1+ g] -

2 T T T
ep Log[g] Log[1+ g} -2ep Log[g} PolyLog{Z, s

+2ep PonLog[3, —g]]



