
Summing up series with nested sums

Si(n) =
n∑

j=1

1

ji
, Sik(n) =

n∑
j=1

Sk(j)

ji
,

Sikl(n) =

n∑
j=1

Skl(j)

ji
, Siklm(n) =

n∑
j=1

Sklm(j)

ji

E.g., with one index:

ψ(n) = S1(n− 1) − γE ,

ψ(k)(n) = (−1)kk! (Sk+1(n− 1) − ζ(k + 1)) , k = 1, 2 , . . . ,
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Harmonic polylogarithms (HPL)
Ha1,a2,...,an(x) ≡ H(a1, a2, . . . , an;x), with ai = 1, 0,−1
[E. Remiddi & J.A.M. Vermaseren’00]

are generalizations of the usual polylogarithms Lia (z) and
Nielsen polylogarithms Sa,b(z)

H(a1, a2, . . . , an;x) =

∫ x

0
f(a1; t)H(a2, . . . , an; t)dt ,

where f(±1; t) = 1/(1 ∓ t), f(0; t) = 1/t,

H(±1;x) = ∓ ln(1 ∓ x), H(0;x) = lnx ,

with ai = 1, 0,−1.

HPL are implemented in Mathematica [D. Maitre’06]
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