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Abstract

Generalization of the Kac integral and Kac method for paths measure based on the Lévy distribution has been used to
derive fractional diffusion equation. Application to nonlinear fractional Ginzburg–Landau equation is discussed.
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1. Introduction

Kac integral [1–3] appears as a path-wise presentation of Brownian motion and shortly becomes, with
Feynman approach [4], a powerful tool to study different processes described by the wave-type or diffu-
sion-type equations. In the basic papers [1,4], the paths distribution was based on averaging over the Wiener
measure. It is worthwhile to mention the Kac comment that the Wiener measure can be replaced by the Lévy
distribution that has infinite second and higher moments. There exists a fairly rich literature related to gener-
alizations of Wiener measure (see for example [5,6]). Recently the Lévy measure was applied to derive a frac-
tional generalization of the Schrödinger equation [7,8] using the Feynman-type approach and expressing the
Lévy measure through the Fox function [9].

In this paper, we derive the fractional generalization of the diffusion equation (FDE) from the path integral
over the Lévy measure using the integral equation approach of Kac.
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2. Lévy distribution

Let us consider the transition probability P ðx; tjx0; t0Þ that describes the evolution of the probability density
qðx; tÞ by the equation
qðx; tÞ ¼
Z þ1

�1
dx0Pðx; tjx0; t0Þqðx0; t0Þ; ð1Þ
where
Z þ1

�1
dxqðx; tÞ ¼ 1: ð2Þ
The function P ðx; tjx0; t0Þ can be considered as conditional distribution function. Then the normalization
condition
Z þ1

�1
dxP ðx; tjx0; t0Þ ¼ 1 ð3Þ
holds. Assume that P ðx; tjx0; t0Þ satisfies the Markovian (semigroup) condition
P ðx; tjx0; t0Þ ¼
Z þ1

�1
dx0P ðx; tjx0; t0ÞP ðx0; t0jx0; t0Þ ð4Þ
known also as the Chapman–Kolmogorov equation.
In physical theories, the stability of a family of probability distributions is an important property which

basically states that if one has a number of random variables that belong to some family, any linear combi-
nation of these variables will also be in this family. The importance of a stable family of probability distribu-
tions is that they serve as ‘‘attractors’’ for linear combinations of non-stable random variables. The most
noted examples are the normal Gaussian distributions, which form one family of stable distributions. By
the classical central limit theorem the linear sum of a set of random variables, each with a finite variance tends
to the normal distribution as the number of variables increases. All continuous stable distributions can be
specified by the proper choice of parameters in the Lévy skew alpha-stable distribution [10] that is defined by
Lðx; y; a; b; cÞ ¼ 1

2p

Z þ1

�1
dp e�ipxUðp; y; a; b; cÞ; ð5Þ
where
Uðp; y; a; b; cÞ ¼ expðiyp � jcpja½1� ibsignðpÞUða; pÞ�Þ; ð6Þ

and
Uða; pÞ ¼
tanðpa=2Þ; 0 < a 6 2; a 6¼ 1;

�ð2=pÞ log jpj; a ¼ 1:

�
ð7Þ
Here y is a shift parameter, b is a measure of asymmetry, with b = 0 yielding a distribution symmetric about y.
In Eq. (6), parameter c is a scale factor, which is a measure of the width of the distribution and a is the expo-
nent or index of the distribution.

Consider P ðx; tjy; t0Þ as a symmetric homogeneous Lévy alpha-stable distribution
P ðy; t0jx; tÞ � Kðy � x; t0 � tÞ ¼ 1

2p

Z þ1

�1
dp expðipðy � xÞ � ðt0 � tÞCajpjaÞ ð0 < a 6 2Þ: ð8Þ
For a = 2, Eq. (8) gives the Gauss distribution
P ðy; t0jx; tÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pC2ðt0 � tÞ

p exp � 1

4C2ðt0 � tÞ ðy � xÞ2
� �

: ð9Þ
Eq. (8) gives the function
Kðx; tÞ ¼ 1

2p

Z þ1

�1
dp expðipx� tCajpjaÞ ð10Þ
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that can be presented as a Fourier transform
Kðx; tÞ ¼F�1ðe�tCajpjaÞ; ð11Þ
where
F�1ðf ðpÞÞ ¼ 1

2p

Z þ1

�1
dp eipxf ðpÞ: ð12Þ
For a = 2, Eq. (11) gives
Kðx; tÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
4pC2t
p exp � x2

4C2t

� �
: ð13Þ
In the general case, the function Kðx; tÞ, given by Eq. (11), can be expressed in terms of the Fox H-function
[7–9,11–14] (see Appendix).

3. Fractional Kac path integral

Let us denote by C½ta; tb� the set of trajectories starting at the point xa ¼ xðtaÞ at the time ta and having the
endpoint xb ¼ xðtbÞ at the time tb.

The Kac functional integral [2,3,15] is
W ðxb; tbjxa; taÞ ¼
Z

C½ta;tb�
DW xðtÞ exp �

Z tb

ta

dsV ðxðsÞÞ
� �

; ð14Þ
where V(x) is some function, and
DW x ¼ lim
n!1

Yn

k¼1

KðDxk;DtkÞdxk: ð15Þ
For (13), expression (15) gives
DW x ¼ lim
n!1

Yn

k¼1

dxkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pC2Dtk

p exp � ðDxkÞ2

4C2Dtk

 !
; ð16Þ
which is the Wiener measure of functional integration [15]. The integral (14) is also called the Feynman–Kac
integral. Using (10) for a = 2, the path integral (14) can be written as
W ðxb; tbjxa; taÞ ¼ lim
n!1

1

ð2pÞn
Z

R2n
dx1 dp1 . . . dxn dpn exp

Xn

k¼0

ðipkDxk � Dtk½C2p2
k þ V ðxkÞ�Þ; ð17Þ
where the time interval ½ta; tb� is partitioned as
tk ¼ ta þ k
tb � ta

n
; t0 ¼ ta; tn ¼ tb; ð18Þ
and
Dxk ¼ xkþ1 � xk; Dtk ¼ tkþ1 � tk; xk ¼ xðtkÞ; pk ¼ pðtkÞ: ð19Þ
The functional integral (17) can be rewritten as
W ðxb; tbjxa; taÞ ¼
Z

DxDp exp

Z tb

ta

dt½ip _x� Cap2 � V ðxÞ�
� �

; ð20Þ
where
Dx ¼ lim
n!1

Yn

k¼1

dxk; Dp ¼ lim
n!1

Yn

k¼1

dpk

2p
: ð21Þ
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The Kac functional integral in the form (20) is a classical analog of the Feynman phase-space path integral,
which is also called the path integral in Hamiltonian form.

For the fractional generalization of the Wiener measure (15) and Kac integral (14), we consider Kðx; tÞ given
by (10). Substitution of (10) into
W ðxb; tbjxa; taÞ ¼ lim
n!1

Z
Rn

Yn

k¼1

dxkKðDxk;DtkÞ expð�DtkV ðxkÞÞ; ð22Þ
with
KðDxk;DtkÞ ¼
1

2p

Z þ1

�1
dpk expðipkDxk � DtkCajpkj

aÞ ð0 < a 6 2Þ; ð23Þ
gives
W ðxb; tbjxa; taÞ ¼ lim
n!1

Z
R2n

Yn

k¼1

dxkdpk

2p
exp

Xn

k¼0

ðipkDxk � Dtk½Cajpkj
a þ V ðxkÞ�Þ: ð24Þ
Similarly to (20), (21) this expression can be written as
W ðxb; tbjxa; taÞ ¼
Z

DxDp exp

Z tb

ta

dt½ip _x� Cajpja � V ðxÞ�
� �

: ð25Þ
This expression is a fractional generalization of (20).
If we introduce formally imaginary time such that
i _x ¼ i
dx
dt
¼ dx

ds
;

then (25) transforms into the Feynman path integral with a generalized action [7,8]
S½x; p� ¼
Z tb

ta

dt½p _x� Cajpja � V ðxÞ�
as an action. Hamiltonian-type formal equations of motion are
dx
ds
¼ N ajpja�1

;
dp
ds
¼ � oV ðxÞ

ox
; ð26Þ
where N a ¼ aCasignðpÞ.

4. Fractional diffusion equations

It is known that the Kac integral (14) can be considered as a solution of the diffusion equation [2,15].
Let us derive the corresponding diffusion equation for the fractional generalization of the Kac integral (25).

In (25) the integration is performed over a set C½ta; tb� of trajectories that start at point xa ¼ xðtaÞ at time ta

and end at point xb ¼ xðtbÞ at time tb. For simplification, ta ¼ 0, xa ¼ 0, and tb ¼ t, xb ¼ x are used. In partic-
ular, we can consider two following cases of C½ta; tb�.

(1) The set Cf ½0; t� consists of paths for which both the initial and final points are fixed. The integration over
this set obviously gives the transition probability
Z

Cf ½ta;tb�
DW x ¼ Kðxb � xa; tb � taÞ ¼ P ðxb; tbjxa; taÞ;

orZ
Cf ½0;t�

DW x ¼ Kðx; tÞ:



252 V.E. Tarasov, G.M. Zaslavsky / Communications in Nonlinear Science and Numerical Simulation 13 (2008) 248–258
The conditional fractional Wiener measure corresponds to the integration over the set Cf ½0; t� of paths
with fixed endpoints: xa ¼ 0, xb ¼ x.
(2) If we consider a set Ca½0; t� of trajectories with arbitrary endpoint xb ¼ x, the measure is called the uncon-
ditional Wiener measure. This measure satisfies the normalization condition
Z

Ca½0;t�
DW x ¼

Z þ1

�1
dx
Z

Cf ½0;t�
DW x ¼

Z þ1

�1
dxKðx; tÞ ¼ 1; ð27Þ

since it is a probability that the system ends up anywhere.
For simplification, we introduce the notation
Z½x; t� ¼ exp �
Z t

0

dsV ðxðsÞÞ
� �

; ð28Þ
and define the field
uðx; tÞ ¼ W ðx; tj0; 0Þ: ð29Þ
For the Kac functional integral, we have with respect to (27),
Z
Ca½0;t�

DW xZ½x; t� ¼
Z þ1

�1
dx
Z

Cf ½0;t�
DW xZ½x; t�: ð30Þ
Using notations (28), (29), expression (25) for ta ¼ 0, xa ¼ 0, and tb ¼ t, xb ¼ x can be presented as
uðx; tÞ ¼
Z

Cf ½0;t�
DW x exp �

Z t

0

dsV ðxðsÞÞ
� �

¼
Z

C½0;t�
DW xZ½x; t�: ð31Þ
To derive a diffusion equation, we use the identity [15]
exp �
Z t

0

dsV ðxðsÞÞ
� �

¼ 1�
Z t

0

ds V ðxðsÞÞ exp �
Z s

0

dsV ðxðsÞÞ
� �� �

: ð32Þ
Eq. (32) can be proved by using differentiation by t, and the value of the constant is found from the condition
of coincidence of both sides for t = 0. For the notation (29), identity (32) has the form
Z½x; t� ¼ 1�
Z t

0

ds½V ðxðsÞÞZ½x; s��: ð33Þ
Eq. (33) can be integrated with respect to the conditional fractional Wiener measure:
Z
Cf ½0;t�

DW xZ½x; t� ¼
Z

Cf ½0;t�
DW x1�

Z
Cf ½0;t�

DW x
Z t

0

ds½V ðxðsÞÞZ½x; s��: ð34Þ
Changing the order of the integration in the second term in the right hand-side of (34), we get
Z
Cf ½0;t�

DW x
Z t

0

ds½V ðxðsÞÞZ½x; s�� ¼
Z t

0

ds
Z

Cf ½0;t�
DW x½V ðxðsÞÞZ½x; s��

¼
Z t

0

ds
Z þ1

�1
dxs

Z
Cf ½0;s�

DW x
Z

Cf ½s;t�
DW x½V ðxðsÞÞZ½x; s��

¼
Z t

0

ds
Z þ1

�1
dxsV ðxðsÞÞ

Z
Cf ½0;s�

DW xZ½x; s�
Z

Cf ½s;t�
DW x: ð35Þ
The first term in the right hand-side of (34) gives
Z
Cf ½ta;tb�

DW x1 ¼ lim
n!1

Z
Rn

Yn

k¼1

dxkKðDxk;DtkÞ ¼ lim
n!1

Z
Rn

Yn

k¼1

dxkKðDxk;DtkÞ ¼ Kðxb � xa; tb � taÞ: ð36Þ
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Using (29), (36) and (35), (34) gives the integral equation
uðx; tÞ ¼ Kðx; tÞ �
Z t

0

ds
Z þ1

�1
dxsV ðxsÞuðxs; sÞKðx� xs; t � sÞ: ð37Þ
For this equation there exists the infinitesimal operator La (generator) of time shift such that
ouðx; tÞ
ot

¼Lauðx; tÞ: ð38Þ
Using (31) and (11), we obtain
Lauðx; tÞ ¼ Ca
oa

ojxja uðx; tÞ � lim
t!0

1

t

Z t

0

ds
Z þ1

�1
dyKðx� y; t � sÞV ðyÞuðy; sÞ; ð39Þ
where o
a=ojxja is a fractional Riesz derivative [16–19] of order 0 < a < 2 that is defined by its Fourier

transform
oa

ojxja uðx; tÞ ¼F�1ðjpja~uðp; tÞÞ ¼ 1

2p

Z þ1

�1
dpjpja~uðp; tÞe�ipx; ð40Þ
where
~uðp; tÞ ¼
Z þ1

�1
dxuðx; tÞeipx: ð41Þ
The initial condition Kðx; 0Þ ¼ dðxÞ gives [15]
lim
t!0

1

t

Z t

0

ds
Z þ1

�1
dyKðx� y; t � sÞV ðyÞuðy; sÞ ¼ V ðxÞuðx; tÞ: ð42Þ
Then (39) gives
La ¼ Ca
oa

ojxja � V ðxÞ: ð43Þ
This generator is an operator of fractional differentiation of order a.
As a result, we obtain
ouðx; tÞ
ot

¼ Ca
o

auðx; tÞ
ojxja � V ðxÞuðx; tÞ; ð44Þ
which is a diffusion equation with fractional coordinate derivatives. For a = 2, Eq. (44) is the usual diffusion
equation.

It is worthwile to mention that the way of obtaining fractional equation (44) is based on the exploiting the
properties of integral equation (37), while the expansion of exponents in (24) over small Dtk has been used in
[7,8] for Feynman path integral.

5. Fractional diffusion equations by Kac approach

It is useful also to derive the fractional diffusion equation from (14) using Kac approach described in
Section 4. of [2].

The mathematical expectation value of Z½x; t� is defined as
E exp �
Z t

0

dsV ðxðsÞÞ
� �� 	

¼
Z

Ca½0;t�
DW x exp

Z t

0

dsV ðxðsÞÞ
� �

: ð45Þ
Using the expansion
exp �
Z t

0

dsV ðxðsÞÞ
� �

¼
X1
m¼0

ð�1Þm

m!

Z t

0

dsV ðxðsÞÞ
� �m

; ð46Þ
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we get
E exp �
Z t

0

dsV ðxðsÞÞ
� �� 	

¼
X1
m¼0

ð�1Þm

m!

Z
Ca½0;t�

DW x
Z t

0

dsV ðxðsÞÞ
� �m

: ð47Þ
The expression (47) can be presented as
E exp �
Z t

0

dsV ðxðsÞÞ
� �� 	

¼
X1
m¼0

ð�1Þm
Z þ1

�1
dxQmðx; tÞ; ð48Þ
where
Qmðx; tÞ ¼
1

m!

Z
Cf ½0;t�

DW x
Z t

0

dsV ðxðsÞÞ
� �m

: ð49Þ
These functions (49) satisfy the recurrence equations [2]
Qmþ1ðx; tÞ ¼
Z t

0

ds
Z þ1

�1
dyKðx� y; t � sÞV ðyÞQmðy; sÞ; ð50Þ
and
Q0ðx; tÞ ¼ Kðx; tÞ: ð51Þ

Let us introduce
Qðx; tÞ ¼
X1
m¼0

ð�1ÞmQmðx; tÞ: ð52Þ
Then
Qðx; tÞ ¼
X1
m¼1

ð�1Þm

m!

Z
Cf ½0;t�

DW x exp

Z t

0

dsV ðxðsÞÞ
� �m

¼
Z

Cf ½0;t�
DW x exp

Z t

0

dsV ðxðsÞÞ
� �

; ð53Þ
and
E exp �
Z t

0

dsV ðxðsÞÞ
� �� 	

¼
Z þ1

�1
dxQðx; tÞ: ð54Þ
It follows from (50) and (51) that the field Qðx; tÞ satisfies the integral equation
Qðx; tÞ ¼ Q0ðx; tÞ �
Z t

0

ds
Z þ1

�1
dyKðx� y; t � sÞV ðyÞQðy; sÞ: ð55Þ
There exists an infinitesimal operator La of time shift such that
oQðx; tÞ
ot

¼LaQðx; tÞ: ð56Þ
Using (50) (49), and (11), this generator can be expressed through a fractional differential operator
LaQðx; tÞ ¼ Ca
o

a

ojxja Qðx; tÞ � lim
t!0

1

t

Z t

0

ds
Z þ1

�1
dyKðx� y; t � sÞV ðyÞQðy; sÞ: ð57Þ
The initial condition Kðx; 0Þ ¼ dðxÞ similarly to (42)
lim
t!0

1

t

Z t

0

ds
Z þ1

�1
dyKðx� y; t � sÞV ðyÞQðy; sÞ ¼ V ðxÞQðx; tÞ: ð58Þ
Then
La ¼ Ca
oa

ojxja � V ðxÞ; ð59Þ
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where oa=ojxja is a fractional Riesz derivative of order 0 < a < 2 [16–19] that is defined as Fourier transform of
j pja.

As a result, we obtain
oQðx; tÞ
ot

¼ Ca
o

aQðx; tÞ
ojxja � V ðxÞQðx; tÞ; ð60Þ
which is fractional diffusion equation that coincides with (44). Then
Qðx; tÞ ¼ W ðx; tj0; 0Þ ¼
Z

Cf ½0;t�
DW x exp �

Z t

0

dsV ðxðsÞÞ
� �

: ð61Þ
Using (52), the approximate solution of (44) can be presented as
uðx; tÞ � Q0ðx; tÞ � Q1ðx; tÞ þ Q2ðx; tÞ

¼ Kðx; tÞ �
Z t

0

ds
Z þ1

�1
dyKðx� y; t � sÞV ðyÞKðy; sÞ

þ
Z t

0

ds
Z s

0

dt0
Z þ1

�1
dy
Z þ1

�1
dy0Kðx� y; t � sÞV ðyÞKðy � y0; s� t0ÞV ðy 0ÞKðy0; t0Þ: ð62Þ
for small enough V(x).
6. Nonlinear fractional equations

Eqs. (44) and (60) are linear equations with respect to the fields uðx; tÞ and Qðx; tÞ. In general, nonlinear
equations can be derived from the functional integral over the space of branching paths (see [21] and Section
VI.4. of [20]). Note that Feynman path integral over the branching paths has been suggested in [22] (see also
[23,24]). The multiplicative representations of nonlinear diffusion equations are also considered in [25–27]. As
an example of nonlinear diffusion equation, which can be derived from integrals over the branching paths, is
an equation with the polynomial nonlinearity [20,21]:
UðuÞ ¼
Xm

k¼2

ak½uðx; tÞ�k: ð63Þ
Using fractional Kac integral over the branching Lévy paths [28,29], a nonlinear generalization of fractional
equation (44) can be derived in the form
ouðx; tÞ
ot

¼ Ca
oauðx; tÞ

ojxja � V ðxÞuðx; tÞ þ
Xm

k¼2

ak½uðx; tÞ�k: ð64Þ
For example, fractional equations with cubical nonlinearity can be obtained
ouðx; tÞ
ot

¼ Ca
oauðx; tÞ

ojxja � V ðxÞuðx; tÞ þ a3½uðx; tÞ�3: ð65Þ
Eq. (65) is the fractional generalization of the Gross–Pitaevskii equation [30,31]. For V ðxÞ ¼ const, Eq. (65) is
fractional Ginzburg–Landau equation that is suggested in [32] (see also [33,34]) to describe complex media
with fractional dispersion law.
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Appendix. Fox function representation for Kðx; tÞ

In this section, we use the results of the paper [7] (see also [8]) to demonstrate how the function Kðx; tÞ
defined by Eq. (10) can be expressed in the terms of the Fox H-function [9,11–14]. The Fox function represen-
tation of Kðx; tÞ can be considered as a fractional analog of expression (13).

To present Kðx; tÞ in terms of the Fox H-function, we consider the Mellin transform of (10). Comparing of
the inverse Mellin transform with the definition of the Fox function [9,11], we obtain an expression in terms of
Fox H-function.

Using the relation Kðx; sÞ ¼ Kð�x; sÞ, it is sufficient to consider Kðx; sÞ for x P 0 only. The Mellin transfor-
mation of (10) is
bK ðs; sÞ ¼ Z 1

0

dxxs�1Kðx; sÞ ¼ 1

2p

Z 1

0

dxxs�1

Z þ1

�1
dp expðipx� CajpjasÞ: ð66Þ
Changing the variables
p ! ðCasÞ�1=ag; x! ðCasÞ1=an;
we present bK ðs; sÞ as
bK ðs; sÞ ¼ 1

2p
ððCasÞ1=aÞs�1

Z 1

0

dnns�1

Z þ1

�1
dgeign�jgja : ð67Þ
The integrals over dn and dg can be evaluated by using the equation [13]:
Z 1

0

dnns�1

Z 1

0

dgeign�ga ¼ 4

s� 1
sin

pðs� 1Þ
2

CðsÞC 1� s� 1

a

� �
; ð68Þ
where s� 1 < a 6 2 and CðsÞ is the gamma function.
Inserting of (68) into (67) and using the relations
Cð1� zÞ ¼ �zCð�zÞ; CðzÞCð1� zÞ ¼ p= sin pz; ð69Þ
we find
bK ðs; sÞ ¼ 1

a
ðCasÞ1=a

 �s�1 CðsÞC 1�s

a

� 

C 1�s

2

� 

C 1þs

2

� 
 : ð70Þ
Then the inverse Mellin transform of (70) is
Kðx; sÞ ¼ 1

2pi

Z cþi1

c�i1
dsx�s bK ðs; sÞ ¼ 1

2pi

1

a

Z cþi1

c�i1
dsððCasÞ1=aÞs�1x�s CðsÞC 1�s

a

� 

C 1�s

2

� 

Cð1þs

2
Þ
; ð71Þ
where the integration contour is the straight line from c� i1 to cþ i1 with 0 < c < 1. Replacing s by �s,
we get
Kðx; sÞ ¼ 1

a
ðCasÞ�1=a 1

2pi

Z �cþi1

�c�i1
dsððCasÞ�1=axÞs

Cð�sÞC 1þs
a

� 

C 1þs

2

� 

C 1�s

2

� 
 : ð72Þ
The integration contour may be deformed into one running clockwise around ½�c;1Þ. Comparison with the
definition of the Fox H-function [9,11,12] gives
Kðx; sÞ ¼ 1

a
ðCasÞ�1=aH 1;1

2;2 ðCasÞ�1=ax
ð1� 1=a; 1=aÞ; ð1=2; 1=2Þ
ð0; 1Þ; ð1=2; 1=2Þ

����� �
: ð73Þ
Using the properties of the Fox H-function [9,11,12], we obtain
Kðx; sÞ ¼ 1

ajxjH
1;1
2;2 ðCasÞ�1=ajxj ð1; 1=aÞ; ð1; 1=2Þ

ð1; 1Þ; ð1; 1=2Þ

����� �
: ð74Þ
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Let us show by analogy with [7] (see also [8]) that Eq. (74) includes as a particular case at a = 2 the well
known Gauss distribution (13). Assuming a = 2 in Eq. (74)
Kðx; sÞja¼2 ¼ H 1;1
2;2 ðC2sÞ�1=2jxj ð1; 1=2Þ; ð1; 1=2Þ

ð1; 1Þ; ð1; 1=2Þ

����� �
: ð75Þ
The series expansion for the function (75) gives
Kðx; sÞja¼2 ¼
1

2
ðC2sÞ�1=2

X1
k¼0

ð�ðC2sÞ�1=2Þk jxj
k

k!

1

C 1�k
2

� 
 : ð76Þ
Substituting of k ! 2l into (76), and using
C
1

2
� l

� �
¼

ffiffiffi
p
p

ð�1Þlð2lÞ!
ð2Þ2ll!; ð77Þ
the function K(x,s) can be rewritten as
Kðx; sÞja¼2 ¼
ðC2sÞ�1=2

2
ffiffiffi
p
p

X1
l¼0

ð�ðC2sÞ�1=2Þ2l ð�1Þlx2l

22ll!
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

4pC2s
p exp � x2

4C2s

� �
: ð78Þ
Thus, it is shown that (13) can be derived from Eq. (74) with a = 2.
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