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D¢ of order o means that this derivative is differential operator of the first order (o = 1).
By proving three statements, we demonstrate that the modified Riemann-Liouville fractional
derivatives cannot be considered as derivatives of non-integer order if the suggested chain
rule holds.
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Derivatives and integrals of non-integer orders [1-3] have a long history [1,4-8]. and these operators have wide applications
in physics and mechanics (for example, see [9] and references therein). There are various types of fractional derivatives and
integrals that are suggested by Riemann, Liouville, Riesz, Griinwald, Letnikov, Marchaud, Weyl, Caputo.

These fractional derivatives have a set of unusual properties and rules such as violations of semigroup property, the Leibniz
and chain rules. For example, the chain rule for fractional derivative of a composite function (see Eq. 2.209 in Section 2.7.3 of [2])
is

X k! x*
D¢ f(g0) = ‘i 2 +Z L Z(D’“f(g))g ngﬂa.( CEL)"

where x > 0, ¥ extends over all combinations of non-negative integer values of aq, a,, . . ., @, such that Zr ;rar =k and
’r‘ar m. Obviously, this equation is much more complicated than the chain rule for the first order derivative
Dy f(g(X)) = (Dg f(8))g—gx) Dx&X), (1)

where D} = d/dx is the usual derivative of first order. At the same time, the chain rule for the derivative of integer order n € N
has the form

D”f(g(x))—n'Zwmf(g))g g(»oZl'[ (e @)

that is the Faa di Bruno’s formula (for example, see [10] and references therein).
Authors of some papers ([11-18] and [24-28]) suggest new types of fractional derivatives and assume some usual or simplified
rules for the suggested derivatives. For example, the chain rule, which is suggested in [11-16], has the form

DYF(E(X)) = (Dgf(8)) g0 DEEX). (3)
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where DY is the fractional derivative of order o with respect to x. The chain rule in the form (3) has been suggested for the
modified Riemann-Liouville fractional derivatives (see Eq. 3.12 of [11], Eq. 3.8 of [12], Eq. 4.4 of [13], Eq. 3.13 of [14], Eq. 4.4 of
[15], Eq. 4.4 of [16], Eq. 2.15 of [17], Eq. 48 of [18]).

It is obvious that Eq. (3) cannot give (2) for « = n € N for n > 1. Therefore Eq. (3) cannot be considered as a correct general-
ization of the chain rule for fractional-order derivatives. In papers [11-16], the well-known equation for fractional derivative of
power function

rp+1)
DIxP = T Ly 0, 0, x>0 4
X F(,B—Ol—l—l) (a> IB> > ) ()
is used (see Eq. 3.10 of [11], Eq. 3.6 of [12], Eq. 4.2 of [13], Eq. 3.11 of [14], Eq. 4.2 of [15], Eq. 4.2 of [16], Eq. 2.13 of [17], Eq. 46 of
[18]).
Using the rule (3) and Eq. (4), we prove two following statements.

Statement 1. The chain rule (3) and Eq. (4), cannot be performed together for fractional derivatives of non-integer orders o # 1.

Proof. To prove this statement, we use the functions f(g) = gf and g(x) = x”, where o, 8, ¥ > 0. Using (4) for these functions,
we get

FBy+1)

o _ payBy _ By-a
Dy f(gx)) = Dyx V—F(ﬂy_aﬂ)x ree (5)
o _ N _ F()/+1) —o
DG = DI = oo (6)
(D;f(g))g;g(x) = (D;gﬂ)g=xl/ = (,Bgﬂ_l)g=xy = ,BXV(ﬁ‘l). (7)
Substitution of (5)-(7) into Eq. (3) gives
FBy+1) BLy+1) \ sya_
<F(,3y—a+1)_1"(y—a+1)>xy =0, x>0). (8)

As a result, we have the condition
FrBy+1 Br(y+1)
— =0, (a,p, 0), 9
ry -a+1) I'(y-a+1) (@f.y >0 )
which must be performed if the chain rule (3) holds. For example, if we use 8 = 2 and y = 1, then condition (9) can be repre-
sented in the form
2(ax—-1)
rG-a)
that holds for @ = 1 only. As a result, we prove that the chain rule (3) and Eq. (4) with x € R, cannot satisfied together for
non-integer o # 1. O

0, (10)

Statement 2. Performing of the chain rule (3) and Eq. (4) for fractional derivative DY of order « allows us represent this derivative
as a differential operator of the first order, i.e.

DEf(x) = a(®)D} f(x)
with some function a(x).
Proof. The chain rule (3) with g(x) = x# has the form
DY f(g) = (Daf(®),_, DixP. (11)
Using (4), Eq. (11) gives
C(B+1)xf~ df(x)

g=xp

Dy f(g(x) = FE—at1) doP)’ (12)
where df(x)/d(x?) is the first order derivative of f{x) with respect to x#. The well-known expression
df(x) _ df(x) <d(xﬂ> ) o1 g 13)
d(xP) dx dx BxP-1 dx
and T'(B +1) = BT'(B) allows us to represent expression (11) in the form
D f(g(x)) = at) L (14)

dx ’
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where
r(ﬂ) X1—a
re-a+1) ’

As a result, we prove that the chain rule (3) together with Eq. (4) for fractional derivative D¢ of order « gives that this derivative
is a differential operator of integer order o = 1 such that DY = a(x)D}. O

ax) = (15)

In the paper [18] it has been suggested three new simple chain rules for fractional derivatives.
The first chain rule, which is suggested by Eq. (63) in Lemma 12 of [ 18], has the form

DY f(g(x)) = (D2 f(8))gmg) (DIEX))". (16)
The second chain rule suggested by Eq. (64) in Lemma 13 of 18] is
. _(Feen ' o
D E0) = 0 (D (©)ggi)” DEER). (17)
The third chain rule that is given by Eq. (68) in Lemma 14 of [ 18] has the form
DY f(g(x) =T(2—a) g (X) (D £(2))g—gtx) Dy &) (18)

Using Eq. (4) we can prove the following statement.
Statement 3. The chain rules (16), (17), (18) and Eq. (4) hold for fractional derivatives D¢ of order « > O only if o = 1.

Proof. Using (4) for the functions f(g) = gf and g(x) =x” with «, 8, ¥ > 0, chain rules (16), (17), (18) gives the following
conditions.
The first chain rule (16) gives

By +1) yerg+1)

FBy+1-a) TB+1-a) (19)
The rule (17) gives the condition
F'By+1) Bry+1)
F(ﬂy+1—a)_r(y+1—a)_0 (20)
The third chain (18) leads to the condition
CBy+1) r-a)frB+HIy+1) 1)

FrBy+1-a) TPR+1-a)T(y+1-a)

Let us use B = 3, y = 2 for condition (19) and B = 2, y = 3 for condition (20). Then these conditions can be represented in the
form of the equation

2% (o — 6) (ot — 5) (o — 4) + 120 = 0. (22)

This equation has solution for « = 0 and @ = 1 only.
For B = 2 and y = 2, conditions (21) gives

a(x—1)=0. (23)

As a result, we can see that (19), (20) and (20) with @ > 0 hold only for « = 1. Therefore, the chain rules (16), (17), (18) for
fractional derivatives of order & > 0 cannot hold for@ # 1. O

The possible assumption that (3) holds only for non-differentiable functions f{x) and g(x). is incorrect also. Eq. (3) means that
the fractional derivatives DY g(x), D¥ f(x) and D; f(g) exist, i.e. the functions f{x) and g(x) should be fractional differentiable.
Therefore arbitrary non-differentiable functions cannot be considered in the chain rule (3). Using Eq. (4), which is used in ([11-
16], we can see that author assumes that the power functions x¥ (y > 0) are fractional differentiable. Using that power functions
are fractional differentiable, we can consider the chain rule (3) for the power functions including integer values of 8 and y. As a
result, we get that the chain rule (3) holds only for &« = 1 and derivative DY is integer derivative of first order. Simple chain rule
(3) should be violated for fractional-order derivatives (see also [23]).

It should be noted that the unviolated Leibniz rule in the form

Dy (f(x)g(x)) = (DY f(x)) g(x) + f(x) (DZg(x)) (24)

cannot hold for fractional derivatives of order « # 1 for sets of differentiable and non-differentiable functions [19-22].

Unusual properties of fractional derivatives of non-integer orders that are represented by deformation of the usual Leibniz
rule and the usual chain rule can be considered as the characteristic properties of fractional-order derivatives. Furthermore these
properties allow us to describe new unusual type of physical systems and media.
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