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The Liouville and first Bogoliubov hierarchy equations with derivatives of noninteger order are
derived. The fractional Liouville equation is obtained from the conservation of probability to find a
system in a fractional volume element. This equation is used to obtain Bogoliubov hierarchy and
fractional kinetic equations with fractional derivatives. Statistical mechanics of fractional generali-
zation of the Hamiltonian systems is discussed. Liouville and Bogoliubov equations with fractional
coordinate and momenta derivatives are considered as a basis to derive fractional kinetic equations.
The Fokker-Planck-Zaslavsky equation that has fractional phase-space derivatives is obtained from
the fractional Bogoliubov equation. The linear fractional kinetic equation for distribution of the
charged particles is considered. © 2006 American Institute of Physics. [DOIL: 10.1063/1.2219701]

The theory of integrals and derivatives of noninteger or-
der goes back to Leibniz, Liouville, Riemann, Grunwald,
and Letnikov. Fractional calculus has found many appli-
cations in recent studies in mechanics and physics. Frac-
tional equations, which have derivatives of noninteger or-
der, are very successful in describing anomalous kinetics,
transport, and chaos. Fractional Kkinetics equations usu-
ally appear from some phenomenological models. In this
paper, we suggest fractional equations of statistical me-
chanics. To obtain these equations, the conservation of
probability to find a system in a fractional differential
volume element of the phase space is used. This element
can be considered as a small part of the phase-space set
with noninteger dimension. The suggested fractional
equations of statistical mechanics are used to derive the
fractional kinetics equations.

I. INTRODUCTION

Fractional equationsl’2 contain derivatives of noninteger
order.”* Integrals and derivatives of fractional order have
found many applications in recent studies in mechanics and
physics. In a short period of time the list of such applications
becomes long. For example, it includes chaotic dynamics,s’6
mechanics of fractal media,7_9 quantum mechanics,lo’ll
physical kinetics,”'*"? plasmas physics,'ﬁ’17 long-range
dissipation, 18,1925 mechanics of non-Hamiltonian
systems,20’2] theory of long-range interaction,?>* anomalous
diffusion, and transport theory.s’%’27

Equations, which involve derivatives or integrals of non-
integer order are very successful in describing anomalous
kinetics. %7 14 Usually the fractional equations in dynamics
or kinetics appear as some phenomenological models. In
Ref. 20 the attempt to derive the basic statistical mechanics
equations with derivatives of noninteger order have been re-
alized. Unfortunately, the fractional derivatives appear only
by Fourier transform of these equations as it realized for the
Fokker-Planck-Zaslavsky equation in Ref. 9.
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In this paper, we derive the Liouville equation with frac-
tional derivatives with respect to coordinates and momenta.
To obtain the fractional Liouville equation (FLE), we con-
sider the conservation of probability in the fractional differ-
ential volume element. This element can be considered as a
small part of the phase-space set with noninteger dimensions.
Using the FLE, we get a fractional generalization of the
Bogoliubov hierarchy equations. These equations can be
used to derive fractional kinetic equations.s’é‘lz’13 The Vlasov
equation with derivatives of noninteger order is obtained.
The Fokker-Planck-Zaslavsky equation, which has fractional
phase-space derivatives, is derived from the FLE. The linear
fractional kinetic equation for distribution of the charged par-
ticles is suggested.

In Sec. II, we obtain the Liouville equation with frac-
tional derivatives from the conservation of probability in the
fractional volume element of phase space. In Sec. III, the
first Bogoliubov hierarchy equation with fractional deriva-
tives in phase space is derived. In Sec. IV, we consider the
Vlasov equation with fractional derivatives in phase space.
In Sec. V, the Fokker-Planck-Zaslavsky equation, which has
fractional derivatives with respect to coordinates and mo-
menta is considered. In Sec. VI, the linear fractional kinetic
equation for distribution of the charged particles is obtained.
Finally, a short conclusion is given in Sec. VII.

Il. LIOUVILLE EQUATION WITH FRACTIONAL
DERIVATIVES

A basic principle of statistical mechanics is the conser-
vation of probability in the phase space. The Liouville equa-
tion is an expression of the principle in a convenient form for
the analysis. In this section, we derive the Liouville equation
with fractional derivatives from the conservation of probabil-
ity in a fractional volume element.

In the phase space R*" with coordinates (xl, X
=(q1s.--sqpns P1»--->Pn), We consider a fractional differen-
tial volume element

2n)
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davzdax] "'da.in. (1)
Here, d“ is a fractional differential® that is defined by

2n

df(x) = 2 D f(0)(dx)*, (2)
k=1

where ka is a fractional derivative® of order a with respect
to xp.

The fractional derivative has different definitions,‘"3 and
exploiting any of them depends on the initial (boundary)
conditions, and the specifics of the considered physical pro-
cesses. The classical definition is the so-called Riemann-
Liouville derivative.’ Due to reasons, concerning the initial
and boundary conditions, it is more convenient to use the
Caputo fractional derivatives."* Its main advantage is that
the initial conditions take the same form as for integer-order
differential equations. The Caputo derivative is defined by

1 A ()

F(n_ a) 0 (x_z)a+1—n

D{f(x) = {Dif(x) = dz, 3)

where n—1<a<n, and f"(z)=d"f(z)/dz". Note that D;’kl
=0, and D, x;=0, where (k#1). Using (2), we obtain

d“x; =D xi(dxy)”. (4)
Then
(dx)* = (Df:kxk)_ldaxk- (5)
From (3),
Fg+1) 5
D® p__— I 7 B a, 6
xkxk F(ﬂ+1—Q)Xk ( )

where 8> a>0. Equations (4) and (6) give

(dxp)“=T(2- a)x,‘f_ld“xk. (7)

The conservation of probability for the usual phase-
space volume element is expressed as

ap(t,x)
ot

—-dv =d[ p(t,x)(u,dS)]. (8)

For the fractional volume element (1),

ap(t.x) _ d[p(t.x)(u,d"S)]. ®)

Here, p=p(t,x) is the density of probability to find the dy-
namical system in d*V, u=u(¢,x) is the velocity vector field
in R*", d°S is a surface element, and the parentheses () is a
scalar product of vectors

2n 2n 2n
u= E uiey, d*S = 2 d”‘Skek, (u,daS) = 2 ukdaSk, (10)
k=1 k=1 k=1

where e, are the basic vectors of the Cartesian coordinate
system, and
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d“Skzd“xl “'d”‘xk_ld“ka "'d“xz,,. (11)

The functions u;=u(r,x) define x; components of u(z,x). In
the usual case (a=1), the outflow of the probability in the x;
direction is

dlpu}dS, =D, [ pu;ldx,dS, = D [ pu;]dV . (12)
For a#1,
d“lpu]d*Sy = D¢ [ puy](dx)*d*Sy.
Using (11), (1), and (5), we get
d“lpuJd*Sy = D¢ [ puy] (D;kak)_ldaxkdask
= (kaxk)_lka[Puk]daV (13)

Substitution of (13) into (9) gives
P 2n
—dVE = 4*VY, (D x,) ' D2 [ puy]. (14)
ot k=1 k k

As a result, we obtain

2n
dp
= __Npe , 15
o = 2 Do) (15)
where
Dy = (Dgx) "' DY =T'(2 - a)x{™'Dy . (16)

This is the Liouville equation with the derivatives of frac-
tional order «. Equation (15) describes the probability con-
servation for the fractional volume element (1) of the phase
space.

For the coordinates (¢, ...,q,, Pi»---.Pn)> Eq. (15) is
ap n . n .
—+ 2D (pV) + 2 D5 (pFy) =0, (17)
o j=r F k=1 F

where V,=u,, and Fy,=u,,, (k=1,...,n). The functions V,

=V.(t,q,p) are the components of velocity field, and F)
=F,(t,q,p) are the components of the force field.
In general,

Dsk[ka] * pD;:ka + FkD;[kp (18)

If F, does not depend on p;, and V; does not depend on ¢,
then Eq. (17) gives

dp
—-— +

p z (ViD§ p+ FDj p) =0. (19)

For the fractional generalization of Hamiltonian system,21 Vi
and F, can be presented as

Vi=D, H(q,p), Fy=-DgH(q.p), (20)

where H(q,p) is a fractional generalization of Hamiltonian.
Substitution of (20) into (19) leads to

ap C o o o (23
ot z (D} HD;f p— D HD;: p) =0. (21)

We can define
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{A,B}, = g (D AD} B - D BD A)

_ a a -1 a a a a
= ;Z (D§ gDy p) ™ (D ADy B—Dif BDy A). (22)

For a=1, Eq. (22) gives the Poisson brackets. Note that
{AaB}a=_{B7A}a7 {I’A}a=0'
Using (22), we get (21) in the form

dp
— +1{p,H},=0. 23
P {p.H} (23)

As a result, we have the Liouville equation for fractional
generalization of Hamiltonian systems,21 For a=1, Eq. (23)
is the usual Liouville equation.

lll. BOGOLIUBOV EQUATION WITH FRACTIONAL
DERIVATIVES

Let us consider a classical system with fixed number N
of identical particles. Suppose that the kth particle is de-
scribed by the generalized coordinates g, and generalized
momenta py,, where s=1,...,m. We use the notations q;
=(qx1» -+ »Grm) a0d Pr=Pr1>---»Pm)- The state of this sys-
tem can be described by the distribution function py in the
2mN-dimensional phase space:

ox(g, P, 1) =p(qy, Pis .- -GN Pas 1)

The normalization condition is

1, ... .Nlpy(g. p. ) =1,

where i[l ,...,N] is the integration with respect to
qdi> P1>--->4N> Pw-
The fractional Liouville equation is
P N
PN @ @
= % (D§ (Vipy) + Dy (Fipy), (24)

where V is a velocity of the kth particle, F, is the force that
acts on the kth particle, and

m

DGV, = (Dga) ' Dy Vi= 21 (D ax)™'Dg View  (25)

k

D, Fi = (ngpk)_]Dska = 21 (ngspks)_]Dz[ksF e (26)

The one-particle reduced distribution function p; can be de-
fined by

pl(q’ P, t):p(qh P, t):f[Z, sN]pN(q’ P, t)’ (27)

where I[2, ...,N] is an integration with respect to qa, ... ,qy
P2, ... ,Pxn- Obviously, that the function (27) satisfies the nor-
malization condition I[1]p,(q,p,?)=1.

The Bogoliubov hierarchy equations describe the
evolution of the reduced distribution functions, and can be
derived from the Liouville equation. To obtain the first

30-33
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Bogoliubov equation with fractional derivatives from Eq.

(24) we consider the differentiation of (27) with respect to

time
i
ot

Using (24) and (28), we get

r 5 Ipy
=—1[2,...,Nlpy=1[2, ... ,N|—. 28
2. Npy=102. .. N 28)

N

dp T a @

=12, NI (DG (Vipy) + D (Fipy)). (29)
k=1

Let us consider the integration I[q,] over q; for the kth
particle term of Eq. (29),

laIDg (Viow) = la)(D5 @)™ Dg (Vipy)

k

=TI~ a)ilqlg;"' D (Vipy)

=T(T(2 - )I"[q]D§ (Vipy)
=T ()T (2 - a)(Vipy)'s=0, (30)

where i“[qk] is a fractional integration with respect to vari-
ables q;. In Eq. (30), we use that the distribution py in the
limit q;— + is equal to zero. It follows from the normal-
ization condition. If the limit is not equal to zero, then the
integration over phase space is equal to infinity. Similarly,
we obtain

Ip Dy (Fipy) ~ (Fypp) 7% =0.

Then all terms in Eq. (29) with k=2, ...,N are equal to zero.
Therefore, Eq. (29) is

% =- i[Z, ,N](DZI(V]pN) + Dsl(Fle))- (31)

The first term in Eq. (31) can be written as

12, ... NIDG (Vipy) = Dg‘lV]i[z, ....Nlpy

= Dﬁ‘l(lel)-
For the binary interactions,
N
F =F{+ X Fy, (32)
k=2

where F{=F¢(q;, p;, 1) is the external force, and F;
=F(q,, p;> Qx> Px, t) are the internal forces. Using (32), the
second term in (31) is

A

2. ... NID, (Fpy)

N
=12, ... ,N](Dgl(FipN) + Dgl(FlkpN)>
k=2

N

=Dj (Fip) + 2 Dy I[2, ... ,NI(Fypy). (33)
k=2

We assume that the distribution function is invariant under
the permutations of identical particles. Then py is a symmet-
ric function, and all (N—1) terms in Eq. (33) are identical:
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N
>, ... NIDp (Fipy) = (N - DI2, ... ,NIDj (Fpopy).
k=2

(34)
Using 1[2,...,N]=I[2]1[3, ... ,N], we have
IM2, ... ,NID§ (Fiopy) = I[2]D5 (F 1,03, ... ,Nlpy)
=D; 1121F 1292, (35)

where

p2:p(ql» P1> 42, P2, l‘):i[3, ’N]PN((], P, t) (36)

is a two-particle distribution function.
Finally, we obtain

ap

o T D6 (Vip) +Dp (Fip) =1(py), (37)
where

I(py) == (N = 1)Dy [[2]F 1, (38)
describes a velocity of particle number change in

4m-dimensional two-particle elementary phase volume. This
change is caused by the interactions between particles. Equa-
tion (37) is the fractional generalization of the first Bogoliu-
bov equation. If a=1, then we have the first Bogoliubov
equation for non-Hamiltonian systems.3 ?

IV. VLASOV EQUATION WITH FRACTIONAL
DERIVATIVES

Let us consider the particles as statistical independent
systems. Then

P2(q1; P1s 2. P2, ) =pi(dy, Pr, Dpi(dy, P2, 1), (39)
Substitution of (39) into (38) gives

1(py) =- D;’lplf[2]F12p1(q2, P 1), (40)

where p;=p;(q;, p;, ?).
Let us define

Feff(ql’ P, t) =i[2]F12p1(q2’ P2, t)'
Then,

I(py) == Dy (pF"). (41)

Substituting of (41) into (37), we obtain

LD (V1)) + DG (F+ (V= DFMp) =0 (42)
that is a closed equation for the one-particle distribution
function with the external force F{ and the effective force
Fef, Equation (42) is the fractional generalization of the
Vlasov equation34’3 > that has phase-space derivatives of non-
integer order. For =1, we get the Vlasov equation for the
non-Hamiltonian systems.39

Chaos 16, 033108 (2006)

V. FOKKER-PLANCK-ZASLAVSKY EQUATION
FOR PHASE SPACE

The Fokker-Planck equations with fractional coordinate
derivatives have been suggested by Zaslavsky12 to describe
chaotic dynamics. It is known that the Fokker-Planck equa-
tion can be derived from the Liouville equation.‘m_42 In this
section, we obtain the Fokker-Planck-Zaslavsky equation
that has fractional derivatives in phase space.

Let us consider a system of N identical particles and
the Brownian particle that is described by the distribution
function

pn+1=Pya(Q, P, O, P, 1),

where

qz(qh '”’qN)’ qk=(Qk17 ""ka)7

p:(ph '”’pN)’ pk=(pk17 ""pkm)
are the coordinates and momenta of the particles; Q=(Q,)
and P=(P,) (s=1,...,m) are Brownian particle coordinates

and momenta. The normalization condition is

I1,....,N, N+ Upy, =1. (43)
The distribution function for the Brownian particle is defined
by

ps(Q. P, ) =11, ... .Nlpy.i(q, p. Q. P, 1). (44)
The Liouville equation for py,; is

PN+, 3

g i(Ly+Lg)pyi =0, (45)

where

N.m
—iLyp= 2 (D] (Gip)+Dj (Fip)), (46)
k,s

N,m
—iLpp= 2 (D (g,p) + D (£,p)). (47)
k,s

Here, Ly and Ly are Liouville operators with fractional
derivatives, and
D$B=(D3A)"'D$B.

The functions G* and F* are defined by the equations of
motion for particle,

quy k dpys k
—==GX4q, p), *=FXq, p, 0, P), k=1,...,N.
5 —o@r. (a.p. 0. P)
(48)

The Hamilton equations for the Brownian particle

dQ; dP;

— =20, P s _— s\q, p, S P 49

5 -9 P, —r=fa.p. Q. P) (49)

define g, and f,.
Let us use the boundary condition in the form
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lim pN+l(q’ P, Q’ P’ t)sz(q’ P, Q9 T)pB(Q, P’ t), (50)
——
where

PN(q’ p’ Q’ T) :exp B(f_H(q’ p’ Q)) (51)
is the canonical Gibbs distribution for

N

H(q, p, Q) =Hy(q, p)+ X Us(qs, Q). (52)
k=1

Here, Hy, is a Hamiltonian of an n particle system, and Uy is
an energy of interaction between particles and Brownian par-
ticle. If we suppose

GX=pim, g,=PJIM, (53)
then
N o
Hy(a. 9= 0+ 3 Ulas a). (54)

The boundary condition (50) can be realized®® by the
infinitesimal source term in the Liouville equation:

P+l .
(9_:— i(Ly+ Lp)pns1 = — €(Pns1 — PNPB) - (55)

Integrating (55) by i[l ,...,N], we obtain

o

o+ 2 DG (e + 111, .. NIZ DG (fipyat) =0, (56)
s=1

s=1

which is the Liouville equation for reduced distribution func-
tion of the Brownian particle.
The formal solution of Eq. (55) has the form

0
dre®”

pn+1(8) = pp(t) py = f

—o0

. J
Xe_’T(LN"LLB)<ﬁ— - i(LN+LB)>pB(t+ 7)py- (57)
T

Substituting (57) into (56), we get

m

ap, m « w4
(9_13 + 2 DQA(gapB) + E DPA,pBI[l’ cee ’N](.fspN)
s=1

s=1

m 0
-I1,... .N]2. D% f dre® e iTIN L)
s=1 e

x(f_i(LN"'LB))pB(I"' 7py=0. (58)
-

The expression [ 1, ...,N]f,py can be considered as average
value of the force f;. For the canonical Gibbs distribution
(51) it is equal to zero. Using

1
DgXPN = k_ngp)PN, (59)

where fﬁp ) is a fractional potential force™
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F7'=-Df Uy, (60)
we have
. PSf(p) a a
—iLppy.1 = (M—];Tps + Dy (g5pp) + DPS(fsPB))PN-

It can be proven by integration that the term

Ipp @
=t D; (gpp) (61)

in Eq. (58) does not contribute. Then (58) gives

s

+ 2. Dj, (g,
o+ 2D (2.p5)

s=1
m 0
+> Df,j[l, ,N]f dre®f e "IN p
s=1 ’ —o

s/

P, )
Y pe(t+7)]=0. (62)

X (Dgs,(fx’pB(t +7)+

Equation (62) is a closed integro-differential equation for the
distribution function pg. Note that f; can be presented as

L= 1P+ 10,

where fﬁp )is a potential force (60), and fﬁ") is a nonpotential
force that acts on the Brownian particle. For the equilibrium
approximation P~ (MkT)"?, iLy~M~"? and iLy~m~"2. If
M>m, we can use perturbation theory.

Using the approximation pg(t+7)=pg(t) for Eq. (62), we
obtain

m
ap o
—+ 2D (¢,05)
ot s=1 y
- M
+2 D%S(Ena,(yiﬂpg(t» + yi/Psrme) =0, (63)
s=1
where
A O .
yis, =BMIM1, ... ,N]f d7e®"f e ™NF pys (64)
A O .
Yo, = BMI[1, ... N1| dre*Tf,e ™ vf 2 py. (65)

If ;= fﬁp ), then yls,= Vi" As a result, we derive the Fokker-
Planck-Zaslavsky equationg’]2 for the phase space.
VI. LINEAR FRACTIONAL KINETIC EQUATION

Let us consider Eq. (37) with I(p,)=0, V,=p/m=v, and
F¢=¢E, B=0. Then

op a a
7; +(v.D&py) +e(E,Dip) =0, (66)
where
(v.Dgp) = X (v, D p). (67)
s=1
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If we take into account the magnetic field (B #0), then
we must use the fractional generalization of Leibnitz rules

[

N INa+1)
D;lfe) = EF@+DHaS+U

(DZHDLg,  (68)

where s are integer numbers. In this case, Eq. (66) has the
addition term

2 Dy (Skzmszmm)

klm

e
—Dy([p.Blp) =
mc mc

__2 etmBuD), (P1P1)
me p,

e
= _2 SklmBm
me gim

! IN'a+1)

D
o L+ DN (a-i+1)

b ‘p11up;

== euB[DE pylpi+ DS pl3y)
me g,

= _2 exmBup D), p1]
me m

= —((D p1).[p.B]). (69)

37,38

Let us consider the perturbation of the distribution

function in the form

p1=p1+opi(t, q, p), (70)

where p; is a homogeneous stationary density of probability
that satisfies Eq. (66) for E=0. Substituting Eq. (70) into
Eq. (66), we get

— + (v,D%8p,) + e(E.D5,) =0. (71)

Equation (71) is linear fractional kinetic equation for the first
perturbation Sp; of the distribution function. Solutions of
fractional linear kinetic Eqs. (71) are considered in Ref. 13.
For E=0, the function Jp, is described by the function

(g)™"*Lo[q,(g,)7""], (72)

where gs=vs(D;‘vqs)‘l, and

L[ e
L[x]=7- f dke™ el (73)

is the Levy stable p.d. £
in Fig. 1.
For a=1, the function (73) gives the Cauchy distribution

3 The examples of L,[x] are shown

1
2+ 1

L=~ 74

and (72) is
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0.3

0.2

0.15+ Cauchy

0.1

0.05

i T 3 4
FIG. 1. Gauss p.d.f. (a=2), Levy p.d.f. (a=1.6), and Cauchy p.d.f. («
=1.0). Levy for a=1.6 lies between Cauchy and Gauss p.d.f. In the
asymptotic x — e and x> 3 on the plot, the upper curve is the Cauchy p.d.f.,
and the lower curve is the Gauss p.d.f.

1 7!
1 (g (75)
T g )P+
For a=2, Eq. (73) gives the Gauss distribution
1 2,
Ly[x]= —=e™", (76)
2\
and the function (72) is
1 2
(g,0)™" e/l (77)
] 2\!'77

For 1 < =<2, the function L,[x] can be presented as the
expansion

1+n)

Luy——E(@" sin(nr/2). (78)

X =1
The asymptotic (x— o, 1 <a<2) is given by
el (1 +10)

L[x] ~——E( e

X =1

sin(nm/2).  (79)

As a result, the asymptotic of the solution, exhibits the pow-
erlike tails for x— . This tails is the important property of
solutions of equations with the noninteger derivative.

Vil. CONCLUSION

In this paper, we consider equations with derivatives of
noninteger order that can be used in statistical mechanics and
physical kinetics. We derive the Liouville, Bogoliubov,
Vlasov, and Fokker-Planck equations with fractional deriva-
tives with respect to coordinates and momenta. To derive the
fractional Liouville equation (FLE), we consider the conser-
vation of probability in the fractional differential volume el-
ement. This element can be considered as a small part of the
phase-space set with noninteger dimension. Using the FLE,
we obtain a fractional generalization of the Bogoliubov hier-
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archy equations. These equations describe the evolution of
the reduced density of probability in the fractional phase-
space volume element. Fractional Bogoliubov equations can
be used to derive fractional kinetic equations.s’lz’13 In this
paper, we obtain the Fokker-Planck-Zaslavsky equation,
fractional Vlasov, and linear kinetic equations.

The fractional kinetics is related to the equations that
contains derivatives of noninteger order. These equations ap-
pear in the description of chaotic dynamics, and the fractal
media. The fractional derivatives can be connected with
long-range power-law interaction of the systems.zz*24 For
noninteger derivatives with respect to coordinates, we have
the powerlike tails as the important property of the solutions
of the fractional equations.
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