CHAOS 16, 023110 (2006)

Fractional dynamics of coupled oscillators with long-range interaction

Vasily E. Tarasov

Skobeltsyn Institute of Nuclear Physics, Moscow State University, Moscow 119992, Russia
and Courant Institute of Mathematical Sciences, New York University, New York, New York 10012

George M. Zaslavsky

Courant Institute of Mathematical Sciences, New York University, New York, New York 10012
and Department of Physics, New York University, New York, New York 10003

(Received 29 November 2005; accepted 27 March 2006; published online 11 May 2006)

We consider a one-dimensional chain of coupled linear and nonlinear oscillators with long-range
powerwise interaction. The corresponding term in dynamical equations is proportional to
1/|n—m|**!. It is shown that the equation of motion in the infrared limit can be transformed into the
medium equation with the Riesz fractional derivative of order @, when 0 <a<<2. We consider a
few models of coupled oscillators and show how their synchronization can appear as a result of
bifurcation, and how the corresponding solutions depend on «. The presence of a fractional deriva-
tive also leads to the occurrence of localized structures. Particular solutions for fractional time-
dependent complex Ginzburg-Landau (or nonlinear Schrodinger) equation are derived. These solu-
tions are interpreted as synchronized states and localized structures of the oscillatory medium.

© 2006 American Institute of Physics. [DOI: 10.1063/1.2197167]

Although the fractional calculus is known for more than
200 years and its development is an active area of math-
ematics, appearance and use of it in physical literature is
fairly recent and sometimes is considered as exotic. In
fact, there are many different areas where fractional
equations, i.e., equations with fractional integro-
differentiation, describe real processes. Between the most
related areas are chaotic dynamics,1 random walk in
fractal space-time,2 and random processes of the
Levy-type.s'6 The physical reasons for the appearance of
fractional equations are intermittancy, dissipation, wave
propagation in complex media, long memory, and others.
This article deals with long-range interaction that can
work in some way as a long memory. A unified approach
to the origin of fractional dynamics from the long-range
interaction of nonlinear oscillators or other objects per-
mits us to consider such phenomena as synchronization,
breathers formation, space-time structures by the same
formalism using new tools from the fractional calculus.

I. INTRODUCTION

Collective oscillation and synchronization are the funda-
mental phenomena in physics, chemistry, biology, and neu-
roscience, which are actively studied recently,L9 having both
important theoretical and applied significance. Beginning
with the pioneering contributions by Winfree'®  and
Kuramoto,'' studies of synchronization in populations of
coupled oscillators became an active field of research in bi-
ology and chemistry. An oscillatory medium is an extended
system, where each site (element) performs self-sustained
oscillations. A good physical and chemical example is the
oscillatory Belousov-Zhabotinsky reaction'' ™ in a medium
where different sites can oscillate with different periods and
phases. Typically, the reaction is accompanied by a color
variation of the medium. Complex Ginzburg-Landau
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equationSI_53 is canonical model for oscillatory systems with

local coupling near the Hopf bifurcation. Recently, Tanaka
and Kuramoto'* have shown how, in the vicinity of the bi-
furcation, the description of an array of nonlocally coupled
oscillators can be reduced to the complex Ginzburg-Landau
equation. In Ref. 15, a model of population of diffusively
coupled oscillators with limit cycles is described by the com-
plex Ginzburg-Landau equation with nonlocal interaction.
Nonlocal coupling is considered in Refs. 15-17. The long-
range interaction that decreases as 1/[x|*"! with 0<a <2 is
considered in Refs. 18-22 with respect to the system’s ther-
modynamics and phase transition. It is also shown in Ref. 23
that using the Fourier transform and limit for the wave num-
ber k— 0, the long-range term interaction leads under special
conditions to the fractional dynamics.

In the last decade it is found that many physical pro-
cesses can be adequately described by equations that consist
of derivatives of fractional order. In a fairly short period of
time the list of such applications becomes long and the area
of applications is broad. Even in a concise form, the appli-
cations include material sciences,zé"27 chaotic dynamics,1
quantum theory,%f31 physical kinetics,'**** fluids and
plasma physics,34’35 and many other physical topics related to
wave propagation,36 long-range dissipation,37 anomalous dif-
fusion and transport theory (see reviews in Refs. 1, 2, 4, 24,
and 38). Some historical comments on the origin of frac-
tional calculus can be found in Ref. 39.

It is known that the appearance of fractional derivatives
in equations of motion can be linked to nonlocal properties
of dynamics. Fractional Ginzburg-Landau equation has been
suggested in Refs. 40-42. In this paper, we consider the syn-
chronization for oscillators with long-range interaction that
in continuous limit leads to the fractional complex Ginzburg-
Landau equation. We confirm the result obtained in Ref. 23
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that the infrared limit (wave number k—0) of an infinite
chain of oscillators with the long-range interaction can be
described by equations with the fractional Riesz coordinate
derivative of order a<<2. This result permits us to apply
different tools of the fractional calculus to the considered
systems, and to interpret different systems’ features in a uni-
fied way.

In Sec. II, we consider a systems of oscillators with lin-
ear long-range interaction. For infrared behavior of the oscil-
latory medium, we obtain the equations that have coordinate
derivatives of fractional order. In Sec. IIl, some particular
solutions are derived with a constant wave number for the
fractional Ginzburg-Landau equation. These solutions are in-
terpreted as synchronization in the oscillatory medium. In
Sec. IV, we derive solutions of the fractional Ginzburg-
Landau equation near a limit cycle. These solutions are in-
terpreted as coherent structures in the oscillatory medium
with long-range interaction. In Sec. V, we consider the non-
linear long-range interaction of oscillators and corresponding
equations for the spin field. Finally, discussion of the results
and conclusion are given in Sec. VL.

Il. LONG-RANGE INTERACTION OF OSCILLATORS

A. Derivation of equation for the continuous
oscillatory medium

In this section we consider a simplified version of a
chain of N oscillators (N— <) that have a long-range inter-
action of the power type. The corresponding equation of mo-
tion can be written as

©

izn(t) = F(Zn) + 8o 2

dt e ‘]a(n - m) (Zn - Zm) > (1)

where z,, is the position of the nth oscillator in the complex
plane, and F is a force. As an example, for the oscillators
with a limit cycle, F' can be taken as

F(z) = (1 +ia)z— (1 +ib)|z|z. 2

The nonlocal interaction is given by the power function

Jo(n) = n|7. 3)

This coupling in the limit a— o is a nearest-neighbor inter-
action. This type of interaction was introduced by Dyson18 to
study phase transitions and then was considered in numerous
papers related to magnetic systems.w—22 Power type long-
range interaction can appear as an effective interaction in
dispersive or complex systems.26’36‘40 The complexity of the
system reveals in a noninteger « that is defined by a specific
type of the material. Let us provide also two examples from
fluid dynamics where the dispersion, and nonlinear proper-
ties of the media define the order of fractional derivatives:
tracer dynamics in the presence of convective rolls,” and the
equation for surface wave interaction.**

Let us derive the equation for continuous medium limit
of system (1) with long-range interaction (3). For this goal it
is convenient to introduce the field

Chaos 16, 023110 (2006)

[
Z(x,t):;f dke™ > e kg (1). (4)

n=—o0

Multiplying Eq. (1) by exp(—ikn), and summing over n from
—00 to +%0, we obtain

dy(k,t M
e )

ot oo dt
+o0 400 400 ( )
i _ Z Z
= 2 e lknF(Zn) + 8o E E == :7’11+1 >
n=-—« n=—0° m=-°,m¥*n |I’l m|
(5)
where
+00
y(ki)= 2 e, (). (6)
n=—o0
Using the notation
4o 400 1
I= > e m= 2 e, (7)
n=—0,n#0 n=-0n#*0 |}’l|
the interaction term in (5) can be presented as
400 +00
) 1
2 E e—zkn (Z —z )
1
n=—00 m=—%,m#n |I’l - m|a+ ! "
+o0 400
) 1
— E E e—lkﬂ z
n=—° m=—0,m#n |n - m|a+1 "
400 400 1
-2 X e (8)
n=—00 m=—%,m#n |I’l - m|a+1 "

For the first term in the right-hand side of (8):

s 4
2 E €_[k";2n
n=—-0 m=-,m#*n n— m|a+1
1o 1o .
=2 ey, X W=y(k,r>7a(o>, )
n=-2% m'=—o.m' #0
where
4 1 o1
fa(o)zn mEn#O |n|“+'=2,§ n|a+]=2§(a+l), (10)

and /(z) is the Riemann zeta function. For the second term in
the RHS of (8):

+%0 +00 1
e—ikn z
n=2—00 m=—°°2,m¢n |n - }/n|0(+1 "
+00 +00 1
=2 X P

m=—% n=—®n#m
+0o0

“+00
. . ! 1 -~
— 2 Zme—zkm 2 oikn |n/|a+1 =y(k,0)J (k). (11)

= ! ’
m==% n'=—on"#0

As the result, Eq. (5) yields
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ko) = FFG)L+ 47,0 - T0W kD, (12)

where F{F(z,)} is an operator notation for the Fourier trans-
form of F(z,):

FF(z)t= 2 e™F(z,).

The function J,(k) introduced in (7) can be transformed as

+00

- . 1
Ja(k) = Z e_lkn a+l
n=—o0n#0 |n|
+o0 1 —oo 1
=E e_lkn|n|a+l + E e_lkn|n|a+1

n=1 n=-1

oo

1 ) . . .
= 3 (e ) = Ligyy (€) + Lig (7).

n=1

(13)

where Li,(z) is a polylogarithm function. This presentation
was also obtained in Ref. 23, and it plays an important role
in the following transition to fractional dynamics. Using the
expansion

Lige) =11 - -0+ 3 EE o <am (1)
n=0 .

we obtain

i Ha+1-2n)

7, (k) = 2T (- a)cos(ma/2)|k|* + 2”=0 o (- K2,
(15)
J,0)=2La+1).
From (13) we can see that
T (k+2am) =T (k), (16)

where m is an integer. For =2, J (k) is the Clausen function

Cly(k).>* The plots of J (k) for a=1.1, and a=1.9 are pre-
sented in Fig. 1.
After substituting (15) into (12), we obtain

230k )= FUFe,)) - g0 1)

~ 2goE Ha+1-2n)

)] (= &)y k1), (17)

n=1

where

a,=2I'(- a)cos(mal2) (0<a<2,a#1). (18)

To derive the equation for field (4), we can use defini-
tion (6)
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10 - 10

TV

FIG. 1. The function ja(k) for orders a=1.1, and a=1.9.

1 (.
Z(x,t)zg f ™y (k,1)dk, (19)

and the connection between Riesz fractional derivative and
. . 45
its Fourier transform:

* P
o= oy

e T T T P

(20)

The properties of the Riesz derivative can be found in Refs.
45-48. Another expression is

(o3

Z(x,1) = (DYZ(x,1) + DZ(x,1)), (21)

x| 2 cos(mal2)

where a# 1, 3, 5, ..., and Dy are Riemann-Liouville left
and right fractional derivatives

g L[ ZEndE

D+Z()C,t) = F(I’l— a) Ix" . (x_ g)a—n+1 ’
(22)

Doz = O[T _ZAEDDE

- F(n—a)ox"), (é-x)em”

Substitution of Egs. (22) into Eq. (21) gives
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a* -1
Z(x,t) =
x| (x.1) 2 cos(ma/2)'(n — a)

Xa”( O Z(&0dé °°(—1>"z<§,r>d§)

@ . (x_ f a-n+1 . (§—x)a_n+1
(23)

Multiplying Eq. (17) on exp(ikx), and integrating over k
from —o0 to +%, we obtain

o - o 5 fa+1-2n) &
—Z=F(2) +goag——Z 280>~ -7,
ot @) goaar7|x|"‘ goz (2n)! Ix"

(24)
Z=Z(x0) (a#0,1,2, ...),

where F(Z) is the inverse Fourier transform of F{F(z,)}:

~ 1 (* )
F(Z)=— f dke™F{F(z,)}.
27)_
For x=n (Vn) one can see that

F(Z(x,1) = F(Z(n,1)) = F(z,(1)). (25)

This is a standard procedure for the replacement of a discrete
chain by the continuous one and in the following we will
write F(Z) instead of F(Z).

The first term (n=1) of the sum is g”(a—l)aﬁZ. Let us
compare the coefficients of terms with fractional and second
derivatives in Eq. (24). For «— 2, one can use the asymp-
totics

la-1)= +0(1), +0(1) (a#2).

a, =~

a-2 a-2

As an example, for a=1.99,

Ha-1)=-9942351, a,=~-100.929 21.
Therefore {(a—1)/a,~1 for 2—a<<1.

B. Infrared approximation

In this section, we derive the main relation that permits
us to transfer the system of discrete oscillators into a frac-
tional differential equation. This transform will be called the
infrared limit. For 0<a <2, a# 1, and k— 0, the fractional
power of |k| is a leading asymptotic term in Eq. (17), and

[7,00) =T (k)] = a k|* (0<a<2, a#1). (26)

Equation (26) can be considered as an infrared approxima-
tion of (17). Substitution of (26) into (12) gives

& y(kot) = FFG)} - goa (k)

O<a<2, a#l). (27)
Then
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J ¢

—Z=F2)+gya,——7Z (0<a<2, a#l). (28)

at alx|*
Equation (28) can be considered an equation for continuous
oscillatory medium with @<<2 in the infrared (k—0) ap-
proximation.

As an example, for F(z)=0, Eq. (28) gives the fractional
kinetic equation

5 7z, O<a<2, a#l) (29)

gt 8 g e assa
that describes the fractional superdiffusion.3’4’32 For F(z) de-
fined by (2), Eq. (28) is a fractional Ginzburg-Landau equa-
tion that has been suggested in Ref. 40 (see also Refs. 41 and
42), and will be considered in Sec. III. For a>2 and k—0
the main term in (15) is proportional to k*> and in (28) and
(29), we have a second derivative instead of the fractional
one. The existence of the critical value @=2 was obtained in
Ref. 23.

lll. FRACTIONAL GINZBURG-LANDAU EQUATION

A. Synchronized states
for the Ginzburg-Landau equation

The one-dimensional lattice of weakly coupled nonlinear
oscillators is described by

d

—z,(0) = (1 +ia)z, - (1 +ib)|z,*z,

dt

+ (Cl + icZ)(ZnH - 2Zn + Zn—])’ (30)

where we assume that all oscillators have the same param-
eters. A transition to the continuous medium assumes® that
the difference z,,,—z, is of the order Ax, and the interaction
constants ¢, and c, are large. Setting ¢;=g(Ax)72, and c,
=gc(Ax)™2, we get

J &
—Z=(1+ia)Z- (1+ib)|Z]’Z+g(1 +ic)—Z, (31)
ot ox

which is a complex time-dependent Ginzburg-Landau
equation.ﬂ*53 Here Z(nAx,t) coincides with (4) if we put
Ax=1. The simplest coherent structures for this equation are
plane-wave solutions,

Z(x,t) = R(K)exp[iKx — io(K)t + 6], (32)
where
R(K)=(1-gK*)'",  w(K)=(b-a)+(c-b)gK?, (33)

and 6, is an arbitrary constant phase. These solutions exist
for

gk*> < 1. (34)
The solution (32) can be interpreted as a synchronized state.®
B. Particular solution for the fractional
Ginzburg-Landau equation

Let us come back to the equation for nonlinear oscilla-
tors (1) with F(z) in Eq. (2) and long-range coupling (3),
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d
—z,= (1 +ia)z,— (1 +ib)|z,|*z,
dt

+802

m#n

|a+1(zn Zm)» (35)

where z,=z,(¢) is the position of the nth oscillator in the
complex plane, 1 <« <<2. The corresponding equation in the
continuous limit and infrared approximation can be obtained
in the same way as (28)

—z (1+ia)Z- (l+lb)|Z|2Z+g(l+lC) (36)

||“’

where g(1+ic)=gpa,, and 1 <a<2. Equation (36) is a frac-
tional generalization of the complex time-dependent
Ginzburg-Landau equation (31) [compare to (28)]. Here, this
equation is derived in a specific approximation for the oscil-
latory medium.

We seek a particular solution of (36) in the form

Z(x,t) = A(K,1)e™®, (37)
which allows us to use

9* .
—e - |K|*e™. (38)
x|

Equation (37) represents a particular solution of (36) with a
fixed wave number K.
The substitution of (37) into (36) gives

%A(K,t) =(1+ia)A—(1+ib)JAPA - g(1 +ic)|K|*A.  (39)

Rewriting this equation in polar coordinates,
A(K.1) =R(K.1)e' ", (40)

we obtain

=(1-g|K|R-R’,

(41)
i’—tg = (a - cg|K|®) - bR*.
The limit cycle here is a circle with the radius
R=(1-glK|9", glK|“<1. (42)
The solution of (41) with arbitrary initial conditions
R(K,0)=R,, 6(K,0)=6, (43)
is
R(1) = Ro(1 = g|K|") (R} + (1 - g |K|* -
X ¢~ 20-8lKIn)-12 (44)

b
(1) =— > In[(1 — g|K|*) ™" (R3+ (1 — g|K|* - R3)e™2)]

— w (K)t+ 6, (45)

where
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wy(K)=(b-a)+(c-

1-glK|“>0.  (46)

This solution can be interpreted as a coherent structure in
nonlinear oscillatory medium with long-range interaction.
If

Ri=1-¢
then Egs. (44) and (45) give

glK|* <1,

R() =Ry, 6() = — w (K)t + 6. (47)

Solution (47) means that on the limit cycle (42) the angle
variable 6 rotates with a constant velocity w,(K). As the
result, we have the plane-wave solution

(l _ g|K|a)l/Zein—iwa(K)Hiao’ 1- g|K|a >0, (48)

Z(x,t) =
which can be interpreted as a synchronized state of the os-
cillatory medium.

For initial amplitude that deviates from (42), i.e., RS
@, an additional phase shift occurs due to the term
which is proportional to b in (45). The oscillatory medium
can be characterized by a single generalized phase variable.
To define it, let us rewrite (41) as

d

—InR=(1-g|K|*)-R?, 49
s (1-glK|*) (49)
d 2

d—tB:(a—cg|K|“)—bR . (50)

Substitution of R? from (49) into (50) gives
d (23 (23
5 (0=bInR) = (a—cglK[*) = b(1 - glKI"). (51)

Thus, the generalized phase8 can be defined by
#(R,6)=60-bInR. (52)
From (51), we get

d
d—t¢=—wa(K)~ (53)

This equation means that generalized phase ¢(R, 6) rotates
uniformly with constant velocity. For g|K|*=(b-a)/(b—c)
<1, we have the lines of the constant generalized phase. On
the (R, 6) plane these lines are logarithmic spirals —b In R
=const. The decrease of a corresponds to the increase of K.
For the case b=0 instead of spirals we have straight lines

¢=0.
C. Group and phase velocity of plane waves

Energy propagation can be characterized by the group
velocity

dw,(K)
Vag =" - (54)

From Eq. (46), we obtain
Vgg= alc—b)glK|*". (55)
For
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K| < Ky =(a12)*, (56)
we get

|Ua,g| > |v2,g|' (57)

The phase velocity is

Vapn = 0o(K)/K = (c = b)g|K|*"". (58)
For

|K| < K, =272, (59)
we have

|0 apnl > [V pnl - (60)

Therefore, the long-range interaction decreases as |x|~(¢*!
with 1 <a<2 leads to an increase in the group and phase
velocities for small wave numbers (K—0). Note that the
ratio v, /v, n between the group and phase velocities of
plane waves is equal to a.

D. Stability of the plane wave solution
The solution of (48) can be presented as

X =R(K,t)cos(O(K,t) + Kx),

(61)
Y =R(K,1)sin(0(K,1) + Kx),

where X=X(K,7)=Re Z(x,t) and Y=Y (K,7)=Im Z(x,), and
R(K,t) and 6(K 1) are defined by (44) and (45). For the plane
waves

Xo(x,1) = (1 - g|K|)"? cos(Kx — w(K)t + 6;),

YU(-x’ t) = (l - g|K|C¥)1/2 Sin(K)C - wa(K)t+ 00)5
1 - g|K]*>0. (62)

Not all of the plane waves are stable. To obtain the stabil-
ity condition, consider the variation of (39) near the solu-
tion (62)

d d
_5X(K,t)=A“5X+A125Y, E&Y(K,t)=A215X+A226Y,

dt
(63)
where 6X and &Y are small variations of X and Y, and
Ajy=1-glK|" = 2X,(Xo - bY,) = (X5 + ).
A =—a+gclK|*=2Yy(Xo - bY,) + b(X5+ Yp),
(64)
Ay =a - ge|K|* = 2Xo(Yo + bX,) - b(X; + Y7).
Ay =1 - g|K|*= 2Y(Yy + bXo) - (X5 + ¥).
The conditions of asymptotic stability for (63) are

From Egs. (62) and (64), we get

Chaos 16, 023110 (2006)

A +Ay=-2(1-glK|*), 1-glK|*>0, (66)

and the first condition of (65) is valid. Substitution of Egs.
(62) and (64) into (65) gives

A Ay —ApAy = (b(1 - g|K|*) - (a— gc|K|Y)
X (3b(1 - g|K|*) - (a — gc|K|). (67)

Then the second condition of (65) has the form

(V-1)(v-=-3) <0, (68)
where
a-gclK|®
= 69
V= b= gl %)

As the result, we obtain
0<1-glK|*<alb-(c/b)g|K|*<3(1-g|K|*), (70)

i.e., the plane wave solution (48) is stable if parameters a, b,
¢ and g satisfy (70). Condition (70) defines the region of
parameters for plane waves where the synchronization exists.

E. Forced fractional Ginzburg-Landau equation
for the isochronous case

In this section, we consider the fractional Ginzburg-
Landau (FGL) equation (39) forced by a constant E [the
so-called forced isochronous case (b=0) (Ref. 8)]

P
A=A~ IAPPA - g(1 +ic)|K|*A —iE  (ImE=0),

(71)

where A=A(K,1), and we put for simplicity b=0, and K is a
fixed wave number. Our main goal will be transition to syn-
chronized states and its dependence on the order a of the
long-range interaction. The system of real equations is

d
5= (L= glKIX = (a - gelK|)Y - (X*+Y))X,

(72)

dityz (1-glK|*)Y + (a-gc|K|X - (X>+ Y)Y -E,
where X=X(K,¢) is real and Y=Y(K,r) are imaginary parts
of A(K,1).

In the simulation of Eq. (72), we will take the parameters
close to the selected ones in Ref. 8, where the parameters
a, g, c, e, K were selected to demonstrate the existence of
the Hopf-type bifurcation and the appearance of synchroni-
zation. Some differences in our case are due to the fractional
value of the interaction exponent a<<2, while in Ref. 8 it
was a=2.

A numerical solution of Eq. (72) was performed with
parameters a=1, g=1, ¢=70, E=0.9, K=0.1, for a within
the interval a e (1;2). The results are presented in Fig. 2,
and Fig. 3. For ay<a<?2, where ay=1.51, ..., the only
stable solution is a stable fixed point. This region is of per-
fect synchronization (phase locking), where the synchronous
oscillations have a constant amplitude and a constant phase
shift with respect to the external force. For < «, the global
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2 21
1 17
Y(®) 0 Y(t) 07
-1 -1
2 24
* 3 Xt 1 2 1 o 1 2
2 2,
1 11
Y(t) 0 Y(t) 0
-1 14 2 Z
22 =21
2 1 X?t) 1 2 1 X?t) 1 2
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1 17
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Y(t) 0 Y(t) 0 =
-2 2t
2 -1 x?t) 1 2 -1 x?t) 1 2
2 2 L
1 1 L
Y(® 0 Y() 01
-1 14
21 2+
T I

FIG. 2. Approaching the bifurcation point @=ay=1.51... of the solution of FIG. 3. Transformation to the limit cycle of the solution of the forced FGL
the forced FGL equation for the isochronous case with fixed wave number equation for the isochronous case with fixed wave number K=0.1 is repre-
K=0.1 is represented by real X(K,7) and imaginary Y(K,7) parts of A(K,7). sented by real X(K,7) and imaginary Y(K,7) parts of A(K,t). The plots for
The plots for orders a=2.00, =1.70, =1.60, a=1.56. orders a=1.54, a=1.52, a=1.50, a=1.40.
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attractor for (72) is a limit cycle. Here, the motion of the
forced system is quasiperiodic. For @=2 there is a stable
node. When « decreases, the stable mode transfers into a
stable focus. At the transition point it loses stability, and a
stable limit cycle appears. As the result, we have the decrease
of order a from 2 to 1 leads to the loss of synchronization
(see Figs. 2 and 3).

The value of @~ 1, when the bifurcation and synchroni-
zation appears in our case can be easily understood from the
results of Ref. 63, where it was shown that the fractional
derivative in a nonlinear oscillations model leads to a dissi-
pation with a decrement of the order cos(w/a) for 1<«
<2. Our results show that the fractional derivative in Eq.
(36) does not change the qualitative pattern of synchroniza-
tion but, instead, brings a new parameter to control the pro-
cess under consideration. Evidently, synchronization and bi-
furcation in the following simulations are at the dissipation
parameter value of order one since the dissipation, frequency,
and nonlinearity terms in (72) are all of order one. The
choice of the wave number K can be arbitrary but we select
it to be small in order to satisfy the infrared approximation.

In Fig. 2 (@=2.00, @=1.70, and @=1.60, a=1.56), we
see that in the synchronization region all trajectories are at-
tracted to a stable node.

In Fig. 3 (@=1.54, a=1.52, and a=1.50, a=1.40), a
stable limit cycle appears via the Hopf bifurcation. For «
=1.54, and @=1.52, near the boundary of synchronization
the fixed point is a focus. For a=1.4, the amplitude of the
limit cycle grows, and synchronization breaks down.

F. Phase and amplitude for the forced FGL equation

The oscillator medium can be characterized by a single
generalized phase variable (52). We can rewrite (52) as

@(X,Y) = arctan(Y/X) — g In(X? + Y?), (73)

where X and Y are defined by (61). For E=0, the phase
rotates uniformly

d
E¢=—wa(K)=a—gc|K @ (74)

where w,(K) is given by (46) with b=0, and can be consid-
ered as a frequency of natural oscillations. For E# 0, Eqs.
(72) and (73) give

%(ﬁ: — wy(K) — E cos ¢. (75)

This equation has an integral of motion. The integral is
I, =2(w* - E*)7"? arctan((w — E)

X (w* = E)" tan(p(9)12)) +1, > > E?, (76)

I, =2(E? - w*)™"? arctanh((E - o)

X(E? = 0*) " tan(p()12)) +1, o* < E>. (77)

These expressions help to obtain the solution in the form
(40) for the forced case (71) keeping the same notations as in
(40). For polar coordinates we get
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FIG. 4. Phase 6(K,t) for K=0.1 and a=2.00, a=1.50, a=1.47, a=1.44,
a=1.40, a=1.30, a=1.20, a=1.10. The decrease of order a corresponds to
the clockwise rotation of curves. For the upper curve @=2. For the most
vertical curve a=1.1.

dR
— =(1-g|K|")R-R> - Esin 6,

dr

(78)
d_0_( |K|°‘) E cos 6
dt a-cs R

The numerical solution of (78) was performed with the same
parameters as for Eq. (72), i.e., a=1, g=1, ¢=70, E=0.9,
K=0.1, and « within the interval a € (1,2). The results are
presented in Figs. 4 and 5.

The time evolution of phase 6(K,¢) is given in Fig. 4 for
a=2.00, a=1.50, a=147, a=1.44, a=1.40, a=1.30, «
=1.20, a=1.10. The decrease of « from 2 to 1 leads to the
oscillations of the phase 6(K,r) after the Hopf bifurcation at
ap=1.51,..., then the amplitude of phase oscillation de-
creases and the velocity of phase rotations increases.

The amplitude R(K,f) is shown in Fig. 5 for a=1.6, a
=1.55, a=1.55, a=1.51, a=1.50, a=1.45, a=1.2. The ap-
pearance of oscillations in the plots means the loss of syn-
chronization.

IV. SPACE-STRUCTURES FROM THE FGL EQUATION

In previous sections, we considered mainly time evolu-
tion and “time structures” as solutions for the FGL equation.
Particularly, the synchronization process was an example of
the solution that converged to a time-coherent structure.
Here, we focus on the space structures for the solution of the
FGL equation (36) with b=c=0 and the constants a, and a,
ahead of the linear term,

o3

iz—( +ia)Z—|Z)Z + J
PPl e & o

Z. (79)
Let us seek a particular solution of (79) in the form
Z(x,t) =R(x,)e'™™,  R*(x,))=R(x,1), 6 (t)=6(r).
(80)

Substitution of (80) into (79) gives
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FIG. 5. Amplitude R(K,7). The upper curve corresponds to a=2 for all plots. The lower curves correspond to a=1.6, a=1.55, a=1.51, a=1.50, a=1.45,
a=1.2. The appearance of oscillations on the plots means the loss of synchronization.

o

aR R-R? J
CR=—aR-R -
ot 1 8

J
R, —0()=a,.
el 5t =a

(81)

Using 6(t)=a,t+ 6(0), we arrive at the existence of a limit
cycle with Rozai/ 2
A particular solution of (81) in the vicinity of the limit
cycle can be found as an expansion
R(x,f)=Ry+ &R, +&’R, + ...

(e<1). (82)

Zero approximation Ry=aj’* satisfies (81) since %/d|x|*1
=0, and for R,=R,(x,1), we have

1e3

J d
_Rl = —2a1R1 +g_R1.

83
at x| ®3)

Consider the Cauchy problem for (83) with an initial
condition

R, (x,0) = ¢(x), (84)

and the Green function G(x,?) such that

+00

Gx',n)p(x —x")dx".

—o0

R(x,t)= (85)

Let us apply the Laplace transform for ¢ and the Fourier
transform for x,

e} 400

Glk,s) = f dt f dxe™ "G (x,1). (86)
0 —0

By the definition of the Riesz derivative,
——G(x,1) < — |k|*G(k,s), (87)
x|

and for the Laplace transform with respect to time
d -
ﬁ_tG(x’t) —sG(k,s)—1. (88)

Applying (86)—(88) to (83), we obtain
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1 2 3 4
X

FIG. 6. Gauss PDF (a@=2), Levy PDF (a=1.6), and Cauchy PDF (a=1.0).
Levy for a=1.6 lies between the Cauchy and Gauss PDEF. In the asymptotic
x—o and x>3 on the plot, the upper curve is the Cauchy PDF, and the
lower curve is the Gauss PDF.

sG(k,s) - 1==2a,G(k,s) - g|k|*G(k,s) (89)
or

1

Glk,s)=————.
(-5) s+2a, + glk|*

(90)

Let us first invert the Laplace transform in (90). Then, the
Fourier transform of the Green function

+00
é(k,t) :j dxeika(x,t) — e_<2a1+g|k‘a)’= e—Za]te—g\/dat.

—0

o1
As the result, we get
G(x,1) = (gt)™%e 2L (x(g1)™"*), (92)
where
1 (* )
Lx)==— f dke™*%¢= M (93)
2] o

is the Levy stable PDF (Ref. 55). The PDF L,(x) for «
=2.0, a=1.6, and a=1.0 are shown in Fig. 6.

As an example, for =1 we have the Cauchy distribu-
tion with respect to the coordinate

1 1
e Li(x)=—= (94)
Tx +1
and
1 (gt)—le—2alt
Gx,t)y=—""F"—"—F5. 95
(x.1) mxi(g) 2+ 1 (93)
For a=2, we get the Gauss distribution
-2 |
e’ — Ly(x)=—re (96)
2\

and
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—x2/(4gt) ) (97)

1
G(x,t) — (gt)—1/2€—2alt — o
2N

For 1 <=2 the function L,(x) can be presented as the
convergent expansion

_ —2 (- x)" fe) sin(n/2). (98)

X p=1

Ly(x) =

The asymptotic (x—0, 1 <a<2) is given by

I'a+ na)

__2( 1);1 —na_ " T

x— %, (99)

L,(x) ~ sin(n/2),

with the leading term

L(x)~7 ' TA+a)x %!, x— . (100)
As the result, the solution of (79) is
Z(x t) _ ez(a2r+0(0))< + s(g[) l/ae—2alt
400
Xf L (x"(gt) V) o(x — x")dx" + 0(82)) .
(101)

This solution can be considered as a space-time synchroni-
zation in the oscillatory medium with long-range interaction
decreasing as |x|[~(@*),

For ¢(x)=8(x—x;), solution (101) has the form

Z(x.1) = ei(a2t+0(0))(a}/2 + s(gr) Vg2t
X Lo((x=x0)(g0)") + O(&?)), (102)
and the asymptotic is
Z(x,1) = 2N (12 4 gore™2 7 (1 + )
X(x=x0)" '+ 0(g%), x— . (103)

This solution shows that the long-wave modes approach the
limit cycle exponentially with time. For t=1/(2a,), we have
the maximum of |Z(x,#)| with respect to time,

I'l +a)

(x—x0)" + 0(&?).
2me

max|Z(x,1)| = al? + eg
>0

(104)

As the result, we have the power law decay with respect to
the coordinate for the space structures near the limit cycle
1Z|=a;”.

V. NONLINEAR LONG-RANGE INTERACTION
AND FRACTIONAL PHASE EQUATION

Here, we would like to show one more application of the
replacement of dynamical equation by the fractional ones for
a chain with long-range interaction. The model was first con-
sidered in Refs. 10, 11, and 49 with application in biology
and chemistry. This model has additional interest since it can
be reduced to a chain of interacting spins.
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A. Nonlinear nonlocal phase coupling

Let us consider the phase equation

—0(1) w,+g E

m=—°,m#n

J (n—m)sin(6,-6,), (105)
where 6, denotes the phase of the nth oscillator, w, its natu-
ral frequency, and

Jon) = (106)

For a=-1, Eq. (105) defines the Kuramoto model'#!
with sinusoidal nonlocal coupling (infinite radius of interac-
tion). We can rewrite Eq. (105) for classical spin-like vari-
ables

.

s,(1)=e%D sin(6, - 6,) = E(snsm +5,8m)- (107)
i
Then Eq. (105) is
+%0
snasn =iw,+ §m=_§m¢n —|n s L58 + S, (108)

This equation describes the long-range interaction of spin
variables. We also will call Eq. (108) as the phase coupling
equation since |s,|>=const. Thermodynamics of the model of
classical spins with long-range interactions have been stud-
ied for more than 30 years. An infinite one-dimensional Ising
model with long-range interactions was considered by
Dyson.18 The d-dimensional classical Heisenberg model with
long-range interaction is described in Refs. 19 and 20, and its
quantum generalization with long-range interaction de-
creases as |n|~® can be found in Ref. 21.

B. Phase-coupled oscillatory medium with nonlinear
long-range interaction

Let us derive an equation for the continuous medium
that consists of oscillators of (105) or (108) type with non-
linear long-range interaction. The medium can be defined by
the field

400

1 (* ) )
—f dke™ > e~kng (1).
T

—0 n=—9"

S(x,1) = (109)

We also will need the following momentum representations:

+00
_‘k
E e s, (1).

a(k,t) = (110)
For the left-hand side of (108), we get
1 - d
—J dke™ ) e_’k”sn—s =5"(x, t) S(x 1. (111)
2m) . P dt

For the interaction term, we similarly obtain (9)—(17):
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1 o0 +00 +00 1
— dke™ 2 e~ kn E s s
2 _» n=—c m=—%,m#n |I’l - |a+1 "

. 1 [ ~ ;
=S (x,t) f dkla(kl’[)]a(kl)elklx
2

—o0

103

=S*(x,z)(2§(a+ 1)S(x,t) —a, wa(x 7

La+1-2n) &
220 (2n)! az"s(“))

(112)

where we use (15) for .7a(k), and a, is the same as in (18).
For the term w,, we use

w(x) = — j dke™ E e, . (113)
If all oscillators have the same natural frequency w,=w, then
w(x)=

As the result, Eq. (108) is transformed into

o
S (x,1) mS(x,t)
=iw(x) = f,8" (x,0)S(x,1)

ga<S (x,1) ﬁaS(x 0+ S, ) ——S"(x, t))

¢

x|
la+1-2n)

2 (2n)!

n=1

n

x(s*(x,z)%su,t) +5(x,1) |&2|2ns (x, r)) (114)

where

fa=28l(a+1),

Equation (114) is a fractional equation for the oscillatory
medium with long-range interacting spins (108). We can call
(114) the fractional phase equation.

In the infrared approximation (k—0), we can use (15)

gu=(172)a,g = gl'(- a)cos(mar2). (115)

T, (k) = 2T'(= a)cos(mail2)|k|* + 2L(a + 1),

0<a<?2, a#l, (116)
and Eq. (114) is reduced to
* d . « "
S (x,0)—S(x,0) =iw(x) = f, - ga<S (x,0) =——=8(x,1)
at x|
+S(x,t)—— | | S*(x, t)) (117)

where 0<a<2, a#1.

VI. CONCLUSION

A one-dimensional chain of interacting objects, say os-
cillators, can be considered as a benchmark for numerous
applications in physics, chemistry, biology, etc. All consid-
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ered models were related mainly to the oscillating objects
with long-range powerwise interaction, i.e., with forces pro-
portional to 1/|n—m|* and 2<s<3. A remarkable feature of
this interaction is the possibility of replacing the set of
coupled individual oscillator equations into the continuous
medium equation with the fractional space derivative of the
order a=s—1, where 0<a <2, a# 1. Such a transformation
is an approximation and it appears in the infrared limit for
the wave number k— 0. This limit helps us to consider dif-
ferent models and related phenomena in a unified way apply-
ing different tools of fractional calculus.

A nontrivial example of the general property of the frac-
tional linear equation is its solution with a powerwise decay
along the space coordinate. From the physical point of view
that means a new type of space structure or coherent struc-
ture. The scheme of the equations with fractional derivatives
includes either the effect of synchronization,8 breathers,se’_5 8
fractional kinetics,1 and others.

Discrete breathers are periodic space-localized oscilla-
tions that arise in discrete and continuous nonlinear systems.
Their existence was proven in Ref. 59. Discrete breathers
have been widely studied in systems with short-range inter-
actions (for a review, see Refs. 56 and 60). Energy and decay
properties of discrete breathers in systems with long-range
interactions have also been studied in the framework of the
Klein-Gordon,”™®" and the discrete nonlinear Schrodinger
equations,62 Therefore, it is interesting to consider breathers
solution in systems with long-range interactions in the infra-
red approximation.

We also assume that the suggested replacement of the
equations of interacting oscillators by the continuous me-
dium equation can be used for improvement of simulations
for equations with fractional derivatives.
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