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We consider the wide class of few-particle systems that have some analog of the thermo-
dynamic laws. These systems are characterized by the distributions that are determined
by the Hamiltonian and satisfy the Liouville equation. Few-particle systems of this class
are described by a non-holonomic constraint: the power of non-potential forces is directly
proportional to the velocity of the elementary phase volume change. The coefficient of
this proportionality is determined by the Hamiltonian. In the general case, the examples
of the few-particle systems of this class are the constant temperature systems, canonical-
dissipative systems, and Fermi-Bose classical systems.
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1. Introduction

The main aim of statistical thermodynamics is to derive the thermodynamic proper-
ties of systems starting from a description of the motion of the particles. Statistical
thermodynamics of few-particle systems have recently been employed to study a
wide variety of problems in the field of molecular dynamics. In molecular dynamics
calculations, few-particle systems can be exploited to generate statistical ensem-
bles as the canonical, isothermal-isobaric and isokinetic ensembles.!™® The aim of
this work is the extension of the statistical thermodynamics to a wide class of few-
particle systems. We can point out some few-particle systems that have some analog
of thermodynamics laws.

e The constant temperature systems with minimal Gaussian constraint are con-
sidered in Refs. 1-4 and 7. These systems are the few-particle systems that are
defined by the non-potential forces in the form an) = —yp; and the Gaussian
non-holonomic constraint. This constraint can be represented as an addition term
to the non-potential force.

e The canonical distribution can be derived as a stationary solution of the Li-
ouville equation for a wide class of few-particle system.'? This class is defined
by a very simple condition for the non-potential forces: the power of the non-
potential forces must be directly proportional to the velocity of the Gibbs phase
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(elementary phase volume) change. This condition defines the general constant
temperature systems. This condition leads to the canonical distribution as a sta-
tionary solution of the Liouville equations. For the linear friction, we derived the
constant temperature systems. The general form of the non-potential forces is
not considered in Ref. 12.

e The canonical-dissipative systems are described in Refs. 9 and 10. These sys-
tems are the few-particle systems that are defined by the non-potential forces
an) = —0G(H)/0p; where G(H) is a function of Hamiltonian H. The distri-

bution functions are derived as solutions the Fokker—Planck equation. Note that

Fokker—Planck equation can be derived from the Liouville equation.!!

e The quantum few-particle systems with pure stationary states are suggested in
Refs. 13 and 14. The correspondent classical systems are not discussed.

e The few-particle systems with the fractional phase space and non-Gaussian dis-
tributions are suggested in Refs. 15 and 16. Note that nondissipative systems with

the usual phase space are dissipative systems in the fractional phase space.!%16

The analog of the first law of thermodynamics is connected with the variation
of the mean value Hamiltonian

U(z) = /H(q,p,x)p(q,p,x)qude (1)
that has the form
dU(z) = / S Hpd™ qdVp + / Hépd™qdVp.

We can have the analog of the second laws of thermodynamics if the second term
on the right-hand side can be represented in the form

T(x)dS(z) = T(x)éz/SN(p)pqude.
In this case, we have the condition

Hozp =T(x)o(pSn(p)) -

This representation is realized if the distribution p can be represented as a function
of Hamiltonian p = p(H,z) such that we can write H = T(z)G(p). Obviously,
we have the second requirement for this distribution: the distribution p satisfy the
Liouville equation of the systems. For these N-particle systems, we can use the
analogs of the usual thermodynamics laws. Note that IV is an arbitrary natural
number since we do not use the condition N > 1 or N — oco. This allows us to use
the suggested few-particle systems for the simulation schemes!” for the molecular
dynamics.

In this paper we consider few-particle systems with distributions that are defined
by Hamiltonian and Liouville equation. We describe the few-particle systems that
have some analog of the thermodynamic laws. These systems can be defined by
the non-holonomic (non-integrable) constraint: the power of non-potential forces
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is directly proportional to the velocity of the elementary phase volume change.
In the general case, the coefficient of this proportionality is determined by the
Hamiltonian. The special constraint allows us to derive distributions for the system,
even in far-from equilibrium states. The examples of these few-particle systems are
the constant temperature systems,' 8 the canonical-dissipative systems,? '? and the
Fermi-Bose classical systems.”

In Sec. 2, we derive the analog of thermodynamic laws for the few-particle sys-
tems with the distributions that are defined by Hamiltonian. In Sec. 3, we consider
the condition for the non-potential forces that allows us to use the analog of ther-
modynamic laws. We consider the wide class of few-particle systems with canonical
Gibbs distribution and non-Gaussian distributions. In Sec. 4, we consider the non-
holonomic constraint for few-particle systems. We formulate the proposition which
allows us to derive the thermodynamic few-particle systems from the equations of
few-particle system motion. The few-particle systems with the simple Hamiltonian
and the simple non-potential forces are considered. Finally, a short conclusion is
given in Sec. 5.

2. Thermodynamics Laws
2.1. First thermodynamics law

Let us consider the N-particle classical system in the Hamilton picture and denote
the position of the ith particle by q; and its momentum by p;, wherei =1,..., V.
The state of this system is described by the distribution function p = p(q, p, z,t).

The mean value of the function f(q, p,x,t) is defined by the following equation

f(z,t) = /f(q,p,x,t)p(q,p,x,t)qude- (2)

Here, © = {x1,x2,...,z,} are external parameters. The variation §, for this func-
tion can be defined by the relation

~ df(a,p,z,t
(5a:f(q7p,$,t)zz.f(q+kx)

k=1

dxk . (3)

The first law of thermodynamics states that the internal energy U(x) may
change because of (1) heat transfer 5@, and (2) work § A of thermodynamics forces
X (2):

§A = zn: Xe(z)dzy, (4)
k=1

The external parameters x here act as generalized coordinates. In the usual equi-
librium thermodynamics the work done does not entirely account for the change in
the internal energy U(z). The internal energy also changes because of the transfer
of heat, and so

dU = 5Q — 5A. (5)
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Since thermodynamic forces Xj(x) are non-potential forces

an(x) o 8Xl(:c) (6)
83:1 n 8xk ’
the amount of work d A depends on the path of transition from one state in param-

eters space to another. For this reason A and d(Q), taken separately, are not total
differentials.

Let us give statistical definitions of internal energy, thermodynamic forces and
heat transfer for the few-particle systems in the mathematical expression of the
analog of the first thermodynamics law. It would be natural to define the internal
energy as the mean value of Hamiltonian H:

Ux) = /H(qvp,x)p(q,p,x)qude- (7)

It follows that the expression for the total differential has the form

dU (z) = /%H(q, p,z)p(q, p,z)d" qd" p + /H(q, p.2)d,p(q,p,z)d" qd"Vp.

Using Eq. (3), we have

0H(q,p,z
dU(x) = / % szip(q, p,z)d" qd" p
+/H(q7p,x)émp(q,p,x)qude (8)

In the first term on the right-hand side we can use the definition of phase density
of the thermodynamic force

_9H(q,p, )

XHaq,p,z) = oo

The thermodynamic force Xi(x) is the mean value of the phase density of the
thermodynamics force

Xy (z) = /X?(q,p,x)p(q,p,x)qude. (9)

Using this equation we can prove the relation (6).

Analyzing these expressions we see that the first term on the right-hand side of
the differential (8) answers for the work of thermodynamics forces (9), whereas the
amount of the heat transfer is given by

6Q = /H(q, P, 2)d.p(q, p,z)d" qd"p. (10)

We see that the heat transfer term accounts for the change in the internal energy
due not to the work of thermodynamics forces, but rather to the change in the
distribution function caused by the external parameters x.
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2.2. Second thermodynamaics law

Now let us turn our attention to the analog of the second law for the few-particle
systems.
The second law of thermodynamics has the form

0Q =T (x)dS(x) . (11)

This implies that there exists a function of state S(x) called entropy. The function
T'(z) acts as an integration factor. Let us prove that the law (11) follows from the
statistical definition of @ in Eq. (10). For Eq. (10), we take the distribution that
is defined by the Hamiltonian, and show that Eq. (10) can be reduced to Eq. (11).

We can have the analog of the second laws of thermodynamics if the right-hand
side of Eq. (10) can be represented in the form

T(@)dS(z) = T()5, [ p(a.pox)S(pla.p. )" ad"p.
This requirement can be written in an equivalent form
Hogp =T(x)0(pSn(p)) -

This representation is realized if the distribution p can be represented as a function
of Hamiltonian

p(q,p, ) = p(H(q,p,z),). (12)

Obviously, we have the second requirement for the distribution p which must
satisfies the Liouville equation. We assume that Eq. (12) can be solved in the form

H =T(x)G(p),

where G depends on the distribution p. The function T'(x) is a function of the
parameters x = {x1,22,...,2,}. As the result, we can rewrite Eq. (10) in the
equivalent form

5Q = / (T(2)G(p(a pr2), ) + Ho())3opl(a py 2)d¥ qd  p (13)

The term with Hy(z), which is added into this equation, is equal to zero because
of the normalization condition of distribution function p:

Ho ()8, / p(a, p, 2)d qdV p = Ho(2)5,1 = 0.

For canonical Gibbs distribution

1 H(q,p,z)
kT(x)
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we use G(p) and Hy(x) in the form
Ho(z) = kT(x) In Z(z) — kT (z), G(p) =—k In(Z(x)p).

As a result, Eq. (13) can be rewritten in the form

0Q = T(x)ds /p(q, P, 2)Sn(p(a, p,x))d" qd"p, (14)
where the function Sy (p) is defined by
AN — G(p) + Holw) /T (0). (15

We see that the expression for Q) is integrable. If we take 1/T'(z) for the integration
factor, thus identifying T'(x) with the analog of absolute temperature, then, using
Eqgs. (11) and (14), we can give the statistical definition of entropy:

S(x) = /p(q, p.2)Sn(p(a,p,z))d" ad"p + S . (16)

Here Sy is the contribution to the entropy which does not depend on the variables
x, but may depend on the number of particles N in the system. As a result the
expression for entropy is equivalent to the mean value of phase density function
S%q,p,z) = S(p(q,p,)) + So. Here S¢ is a function of dynamic variables q, p,
and the parameters © = {x1,z2,...,2,}. The number N is an arbitrary natural
number since we do not use the condition N > 1 or N — oo. Note that in the usual
equilibrium thermodynamics the function 7'(z) is a mean value of kinetic energy.
In the suggested thermodynamics of few-particle systems 7'(z) is the usual function
of the external parameters x = {x1,Z2,...,zp}.

2.3. Thermodynamic few-particle systems

Let us define the special class of the few-particle systems with distribution functions
that are completely characterized by the Hamiltonian. These distributions must
satisfy the Liouville equation for the few-particle system.

Definition A few-particle system

dqi _ OH : dpi _ _6H +F(n)

dt op; dt dq; '
will be called a thermodynamic few-particle system if the following conditions are
satisfied:

(1) the distribution function p is determined by the Hamiltonian, i.e., p(q, p, z) can
be written in the form

p(a,p,z) = p(H(q,p, ), 7), (17)

where z is a set of external parameters, and

pla,p,x) >0, /p(q,p,x)qude =1;
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(2) the distribution function p satisfies the Liouville equation

op 0 (OH ) OH  _(m)
R — F = N
o " o (5pip)+5pi<( o >p> v

(3) the number of particles N is an arbitrary natural number.

Here and later we mean the sum on the repeated index ¢ from 1 to N.
Examples of the thermodynamic few-particle systems:

(1) The constant temperature systems' ® that have the canonical distribution. In
general, these systems can be defined by the non-holonomic constraint, which
is suggested in Ref. 12.

(2) The classical system with the Breit—Wigner distribution function that is defined
by

A
(H(q,p,z) — E)* +(I'/2)*

p(H(q,p,z)) = (18)
(3) The classical Fermi-Bose canonical-dissipative systems® that are defined by the
distribution functions in the form

1
PP 7)) = o @ pe) — T a (19)

3. Distribution for Thermodynamic Few-Particle Systems
3.1. Formulation of the results
Let us consider the few-particle systems which are defined by the equations

dqi N OH dp,; _ _8H
dt ~ op;’ dt  dq;

+F™ (20)
where i = 1,..., N. The power of non-potential forces FE") is defined by

P(a,p,z) = F\"

(21)

If the power of the non-potential forces is equal to zero (P = 0) and 0H/Jt = 0, then
few-particle system is called a conservative system. The velocity of an elementary
phase volume change € is defined by the equation

OF;, O°H  9FY

- opi 0q;0p; - op; ' (22)

Qq,p, z)

We use the following notations for the scalar product

OA; N [(0An  OAy  OA
6a,; n Z (6%, + 6ay,; + Baz,;> ’

i=1
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The aim of this section is to prove the following result.

Proposition 1. If the non-potential forces an) of the few-particle system (20)

satisfy the constraint condition
oF(™
op;

oH
opi
then this system is a thermodynamic few-particle system with the distribution
function

— B(H,z)F{"

0, (23)

1
pla,p;z) = Z@) &P —B(H(q,p,x),x) (24)
where the function B(H,x) is defined by the equation 0B(H,x)/0H = f(H,x), and
2(a) = [ expl-B(H (@, p.2),2))" ad" .

Obviously, we consider the distribution functions (24) and the function B =
B(H, z) such that p > 0, and Z(z) < co. Note that condition (23) means that the
velocity of the elementary phase volume change € is directly proportional to the
(n)

power P of non-potential forces F; "’ of the few-particle system (20) and coefficient

of this proportionality is a function 3(H,z) of Hamiltonian H, i.e.,

Q(q,p,x) _ﬁ(Hv :E)'P(q,p,x) =0. (25)

Note that any few-particle system with the non-holonomic constraint (25) or
(23) is a thermodynamic few-particle system. Solving the Liouville equation with
the non-holonomic constraint (23), we can obtain the distributions that are defined
by the Hamiltonian.

3.2. Proof of Proposition 1

Let us consider the Liouville equation for the few-particle distribution function
p = p(q,p,z,t). This distribution function p(q, p,z,t) express a probability that
a phase space point (g, p) will appear. The Liouville equation for this few-particle
system

ap 0

ot + 0q; opi

expresses the conservation of probability in the phase space. Here we use
oOH OH

K,=—, F,=— F"
opi’ an‘+ ‘

(Kip) + 5— (Fip) =0 (26)

Using a total time derivative along the phase space trajectory by

d 0 0 0
E_ﬁJFK’B—q,; +Fi3—p¢ (27)
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we can rewrite Eq. (26) in the form

dp
2P __0
dt

where the omega function is defined by Eq. (22). In classical mechanics of Hamil-

P, (28)

tonian systems the right-hand side of the Liouville equation (28) is zero, and the
distribution function does not change with time. For the N-particle systems (20),
the omega function (22) does not vanish. For this system, the omega function is
defined by Eq. (22). For the thermodynamic few-particle systems, this function is
defined by the constraint (23) in the form

o0H
O = B(H,z)F" Z— . 29
A2 (29)
In this case, the Liouville equation has the form
d P, T n oH
WAP:2) gy, ayp 2L, (30)

dt opi
Let us consider the total time derivative of the Hamiltonian. Using equations of
motion (20), we have
dH _0H 0H 0H —8H+F(") 8H_8_H+ (n) OH
dt N ot 8pi aqi aqi ‘ Gpi B ot ‘ 8pi '
If 0H /0t = 0, then the power P of non-potential forces is equal to the total time
derivative of the Hamiltonian

(31)

po O _ dH
v Op; dt
Therefore Eq. (30) can be written in the form
dIn p(q,p,z) dH
N B, ) (32)
If B(H,x) is an integrable function, then this function can be represented as a
derivative
0B(H, )
B(H,z) = —oH (33)
In this case, we can write Eq. (32) in the form
dIn p(q,p,z) dB(H, z)
= — . 34
dt dt (34)
As a result, we have the following solution of the Liouville equation
1
p(qvpvx) = % eXp_B(H(chvx)vx)' (35)

The function Z(z) is defined by the normalization condition. It is easy to see that
the distribution function of the N-particle system is determined by the Hamiltonian.
Therefore, this system is a thermodynamic few-particle system. Note that N is an
arbitrary natural number since we do not use the condition N > 1 or N — oo.
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3.3. Few-particle systems with canonical distributions

In this section we consider the thermodynamic few-particle system that is described
by canonical distribution.!? These few-particle systems are defined by the simple
function B(H,z) = 3NS(z) in the non-holonomic constraint (25).

Corollary 1. If velocity of the elementary phase volume change ) is directly pro-
portional to the power of non-potential forces P, then we have the usual canonical
Gibbs distribution as a solution of the Liouville equation.

In other words, the few-particle system with the non-holonomic constraint 2 =
B(x)P can have the canonical Gibbs distribution

p(a, p,z) = exp B(z)(F(r) — H(q,p,r))

as a solution of the Liouville equation. Here the coefficient (x) does not depend
on (q,p,t), i.e., dB(z)/dt = 0. Proof of this corollary is considered in Ref. 12.
Using Eq. (21), we get the Liouville equation in the form

dp(qvpvx) _ (n)a_H
PAR) — payE S . (36)

The total time derivative for the Hamiltonian is defined by Eq. (31) in the form

A _OH | g OH
dt ot toop;

If OH /0t = 0, then the energy change is equal to the power P of the non-potential
forces an). Therefore the Liouville equation can be rewritten in the form

dInpla,p.x) g dH(@P.T)

dt dt
Since coefficient 5(x) is a constant (dF(z)/dt = 0), we have

- (n pla,p, ) + B()H (e p,2) =0,

i.e., the value (In p + BH) is a constant along the trajectory of the system in 6/N-
dimensional phase space. Let us denote this constant value by G(z)F(x). Then we
have

In p(q, p, ) + B(x)H(q, p, z) = B(2) F(2),
where dF(x)/dt = 0. As a result, we get a canonical distribution function
p(a, p, ) = exp f(z)(F(z) — H(q, p,z)).

The value F(x) is defined by the normalization condition. Therefore the distribution
of this few-particle system is a canonical distribution.
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3.4. Non-canonical distributions for few-particle systems

In Sec 3.3, we consider 3(H,z) = ((x). Let us consider the linear function § =

B(H, z).
Corollary 2. The linear function 8(H,x) in the form
B(H,z) = Bi(x) + Ba2(x)H

leads to the following non-canonical distribution function

pa,p,z) = ﬁ exp — <61(33)H + %ﬁz(x)hﬂ) :
The proof of this proposition can be directly derived from Egs. (35) and (33).
The well known non-Gaussian distribution is the Breit—Wigner distribution.
This distribution has a probability density function in the form p(z) = 1/7(1+22).
The Breit—Wigner distribution is also known in statistics as Cauchy distribution.
The Breit-Wigner distribution is a generalized form originally introduced!® to de-

scribe the cross-section of resonant nuclear scattering in the form
A

(H(a,p,z) — E)* + (I'/2)?°

This distribution can be derived from the transition probability of a resonant state

with known lifetime.'~2! The second non-Gaussian distribution, which is consid-

ered in this section, is classical Fermi—Bose distribution that was suggested by
Ebeling in Refs. 9 and 10. This distribution has the form

1
exp[8(z)(H(q,p,z) — p)] +a’
Corollary 3. If the function B(H,x) of the non-holonomic constrain is defined by

2(H - FE)
(H—E)?*+(I'/2)*

then we have thermodynamic few-particle systems with the Breit—Wigner distribu-
tion (37).

p(H(q,p,)) = (37)

p(H(q,p,z)) =

(38)

ﬁ(H’x) =

(39)

Corollary 4. If the function 5(H,x) of the non-holonomic constrain has the form

Bx)

AH, z) = 1+aexp f(x)H’

(40)

then we have thermodynamic few-particle systems with classical Fermi-Bose distri-
bution (38).

Note that Ebeling derives the Fermi—Bose distribution function as a solution of
the Fokker—Planck equation. It is known that the Fokker—Planck equation can be
derived from the Liouville equation.!! We derive the classical Fermi-Bose distribu-
tion as a solution of the Liouville equation.
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If the non-potential forces FE") are determined by the Hamiltonian
F" = —0G(H)/op:, (41)

then we have the thermodynamic few-particle systems, which are considered in
Refs. 9 and 10. These systems are called canonical dissipative systems.
Let us assume that Eq. (17) can be solved in the form

H = T(x)G(p)., (42)

where G depends on the distribution p. The function T'(x) is a function of the
parameters x. In this case, the function 3(H, z) is a composite function

Clp) = =B(T(z)G(p), z). (43)

This function can be defined by

-1
c) =1 (10252 . (14)

p dp

As the result, we have the Liouville equation for the few-particle system in the form
dp
-0 ) 45
° — P (45)

This equation is a nonlinear equation. For example, the classical Fermi—Bose
systems” have the function in the form

C(p) = —B(x)(p — sp) - (46)

Note that the nonlinear evolution of statistical systems is considered in Refs. 22-29.

4. Non-Holonomic Constraint
4.1. Formulation of the result

In this section we formulate the proposition, which allows us to derive the thermo-
dynamic few-particle systems from any equation of motion of N-particle systems.
The aim of this section is to prove the following result.

Proposition 2. For any few-particle system, which is defined by the equation
dq; OH dp, _ 0H
d — op;’ dt  Oq
there exists a thermodynamic few-particle system that is defined by the equations
dg;, OH  dp;
dt Op; dt ¢ (48)
and the distribution (24), where the non-potential forces F°V are defined by
PiPyd;; — PP, <_5_H +F(n)> _ PiQ; 0H

PkPk an J PkPk 8pj '

+F" =1, N, (47)

new __
Fiev =

(49)
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The vectors P; and Q; are defined by the equations

(n)
9B(H, ) OH H ) oF™ o
P;, = F H7 a9
= om opop, T TPHD G5
2 82F(v")
(ny O°H J
+ B(H,z)F! - , 50
G, 2)F, Op;Op;  OpiOp; (50)
and
(n)
OB(H,x) 9H OH OF" oH
i = F H, —
Q=50 dqp, '+ B(H, ) dq; Op;
2 82F(v")
+ B(H,z)F" o°H J (51)

7 0qi0p;  0q;0p;
Here we use the following notations

N
aibjcj = a; ) (bujcaj +byjcy; + bajesj)
j=1
Note that the forces that are defined by Egs. (49), (50) and (51) satisfy the
non-holonomic constraint (25), i.e
OF Y 0’H 0H
J new
- B(H,z)F}*" — =0, 52
p; T Fa;p; (H,2)F; (52)

Ip;
where we use the omega function in the form (22).

4.2. Proof of Proposition 2

Let us prove Eq. (49). Let us consider the N-particle classical system in the Hamil-
ton picture. Denote the position of the ith particle by q; and its momentum by
pi- Suppose that the system is subjected to a non-holonomic (non-integrable) con-
straint in the form

fla,p,z) =0. (53)

Differentiation of Eq. (53) with respect to time gives a relation

dp dr;

P’i » Py e i\4 P, 07 54
(qp)dt+Q(qp)dt (54)

where the functions P; and Q; are defined by the equations

of
Pi s M = ) i s s = . 95
(q,p, ) op; Qi(a,p, ) o, (55)
An unconstrained motion of the ith particle, where i = 1,..., N, is described by
the equations
dq; dp;

-k, P=vr, (56)

dt 7 dt
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where F; is a resulting force, which acts on the ith particle.

The unconstrained motion gives a trajectory which leaves the constraint hyper-
surface (53). The constraint forces R; must be added to the equation of motion to
prevent the deviation from the constraint hypersurface:

dq; dp;
d‘i’ — K, ;)’; ~F, +R,. (57)
The constraint force R; for the non-holonomic constraint is proportional to the

Pi:30

R, = \P;, (58)

where the coefficient A\ of the constraint force term is an undetermined Lagrangian
multiplier. For the non-holonomic constraint (53), the equations of motion (56) are
modified as

dq; dp;
— K, —F, + \P;. 59
dt dt + (59)

The Lagrangian coefficient A is determined by Eq. (54). Substituting Eq. (57)
into Eq. (54), we get

P;(F; + A\P;) + QiK; =0. (60)
Therefore the Lagrange multiplier A is equal to
P;F; + QK
)\ =, ].
As a result, we obtain the following equations
da; dp; PF; + QK;
=K,, —=F,-P,—/——+ 1 -, 62
dt dt PPy (82)
These equations we can rewrite in the form (56)
dq; dpi
=K,, =F;v 63
dt dt (63)
with the new forces
P.Pié;; — P;P; P;Q;
FioV = F, - K;. 64
7 PkPk J Pk:Pk: J ( )

In general, the forces F?*" are non-potentials forces (see examples in Ref. 12).
Equation (62) are equations of the holonomic system. For any trajectory of the
system in the phase space, we have f = const. If initial values q;(0) and px(0)
satisfy the constraint condition f(q(0), p(0),z) = 0, then solution of Egs. (62) and
(64) is a motion of the non-holonomic system.
Let us prove Egs. (50) and (51). In order to prove these equations, we consider
the few-particle system (56) with

oH OH m
K;= , Fi=——+F;",
op; Jq; M (65)
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and the special form of the non-holonomic constraint (53). Let us assume the
following constraint: the velocity of the elementary phase volume change Q(q, p, x)
is directly proportional to the power P(q, p,x) of the non-potential forces, i.e.,

Q(q,p,r) = B(H,z)P(q,p, ), (66)

where B(H, z) depends on the Hamiltonian H. Therefore the system is subjected
to a non-holonomic (non-integrable) constraint (53) in the form

This constraint is a generalization of the condition which is suggested in Ref. 12.
The power P of the non-potential forces FE") is defined by Eq. (21). The function
is defined by Eq. (22). As the result, we have Eq. (67) for the non-potential forces
in the form

6pj Gpj

(n)
B(H, x)F§")a_H _ oF;

The functions P; and Q; for this constraint can be find by differentiation of
constraint. Differentiation of the function f(q,p,x) with respect to p; gives

(n)
of 9 ( (n)aH) o OF!
L HaoFmZl) - 2 .

op; Op; bH, 2)F; op; op; Opj

Pi (q7 p; 1’)

This expression leads us to Eq. (50). Differentiation of the function f(q,p,t) with
respect to q; gives

(n)
af 1o} ( (n) BH) 1o} aFj

iq, P, ) = = H,SE F; - '
Qila.p.7) 0q; 0q; Al ) J 3pj Jq; 3pj

This expression leads to Eq. (51).

4.3. Few-particle systems with minimal constraint

Let us consider the simple constraints for to realize the classical systems with canon-
ical and non-canonical distributions. Let us consider few-particle system which are
defined by the simplest form of the Hamiltonian

2
H(q,p,z) = 2p—m+U(q,x), (68)

and the non-potential forces
F\" = —yp;, (69)

Here p? = 21111 pZ, and N is a number of particles. For the minimal constraint
models, the non-holonomic constraint is defined by the equation

2
J(ap.a) = B(H )7~ 3N =0, (70)
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The phase space gradients (50) and (51) of this constraint are represented in the
form

(0B, x) P op; - Op(H,z) 0H

The non-potential forces of the minimal constraint models have the form

Frew _ P’ —pip; OU
' p? dq;
. PiPj 9B(H, z) OU
2p*((p*/2m)0B(H,x)/0H) + 5(H,x)) OH dq;
It is easy to see that all minimal constraint models have the potential forces.
Note that the minimal Gaussian constraint model is characterized by

9B(H, x)

T

0H

In this case, we have the non-potential forces in the form

prew _ P —pip; U
% 2 04q.: !
P q;
The few-particle systems are the constant temperature systems that are considered
in Refs. 1-8 and 12.

4.4. Few-particle systems with minimal gaussian constraint

Let us consider the N-particle system with the Hamiltonian (68), the function
B(H,x) = 3N/kT (), and the linear friction force (69). Substituting Eq. (69) into
Eqgs. (21) and (22), we get the power P and the omega function Q:

Pz—lpz, Q=-3yN.
m
In this case, the non-holonomic constraint has the form

%2 = kT(z), (71)

i.e., the kinetic energy of the system must be a constant. Note that Eq. (71) has
not the friction parameter ~.

For the few-particle system with friction (69) and non-holonomic constraint
(71), we have the following equations of motion

dgi _pi dpi _ OU ‘_’_)\af
dt  m’ dt  Oq P opi’

(72)
where the function f = f(q,p) is defined by

f(ap) = 3(p? ~ mKT(2) : f(a,p) = 0. (73)
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Equation (72) and condition (73) define 6N 4 1 variables (q, p, A). Let us find the
Lagrange multiplier A. Substituting Eq. (73) into Eq. (72), we get

dpi ou
=——+A—7)p;i- 4
i aq TX P (74)
Using df /dt = 0 in the form
dp;
Pi = 0 (75)

and substituting Eq. (74) into Eq. (75), we get the Lagrange multiplier A in the
form

ho L U
T mkT(@) Mo

As a result, we have the holonomic system that is defined by the equations
dq; pi  dp; 1 ou  oU

it m’ dt  mkT(@) Y oq,  0q;

(76)

For the few-particle system (76), condition (71) is satisfied. If the time evolution of
the few-particle system is defined by Eq. (76), then we have the canonical distribu-
tion function in the form

L H(q,p, )
Z(x) kT(x)

where Z(z) is defined by the normalization condition. For example, the few-particle
system with the forces

p(q, p, ) = (77)

w2 X
F; = —mw’(z)q; + kT(( ))pl(pgqy) (78)

has canonical distribution (77) of the linear harmonic oscillator with Hamiltonian
2 2 2
p mw*(x)q
H =— 4 —"=.
(@p,2) =5~ +——

5. Conclusion

In this paper we derive the extension of the statistical thermodynamics to the wide
class of few-particle systems. We consider few-particle systems with distributions
that are defined by Hamiltonian and Liouville equation. These systems are described
by the non-holonomic (non-integrable) constraint:'? the velocity of the elementary
phase volume change is directly proportional to the power of non-potential forces. In
the general case, the coefficient of this proportionality is defined by the Hamiltonian.
This constraint allows us to derive the distribution function of the few-particle
system, even in far-from equilibrium states. The few-particle systems that have some
analog of the thermodynamic laws is characterized by the distribution functions that
are determined by the Hamiltonian. The examples of these few-particle systems are
the constant temperature systems,'!™® the canonical-dissipative systems,?'? and the
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Fermi-Bose classical systems.? For the few-particle systems, we can use the analogs
of the usual thermodynamics laws. Note that the number of particles is an arbitrary
natural number since we do not use the condition IV > 1 or N — oo. This allows
one to use the suggested few-particle systems for the simulation'” for the molecular
dynamics.

The quantization of the evolution equations for non-Hamiltonian and dissipa-
tive systems was suggested in Refs. 31 and 32. Using this quantization it is easy
to derive the quantum analog of few-particle systems that leads to some analog
of the thermodynamic laws. We can derive the canonical and non-canonical sta-
tistical operators®? that are determined by the Hamiltonian.'®'4 The suggested
few-particle systems can be generalized by the quantization method that is consid-
ered in Refs. 31 and 32.
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