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Abstract

In this paper we discuss a model of quantum computer in which a state is
an operator of density matrix and gates are general quantum operations, not
necessarily unitary. A mixed state (operator of density matrix) of n two-
level quantum systems is considered as an element of 4”-dimensional operator
Hilbert space (Liouville space). It allows us to use a quantum computer model
with four-valued logic. The gates of this model are general superoperators
which act on n-ququat state. Ququat is a quantum state in a four-dimensional
(operator) Hilbert space. Unitary two-valued logic gates and quantum
operations for an n-qubit open system are considered as four-valued logic
gates acting on n-ququats. We discuss properties of quantum four-valued logic
gates. In the paper we study universality for quantum four-valued logic gates.

PACS number: 03.67.Lx

1. Introduction

The usual models of a quantum computer deal only with unitary gates on pure states. In
these models it is difficult or impossible to deal formally with measurements, dissipation,
decoherence and noise. It turns out that the restriction to pure states and unitary gates
is unnecessary [1-3]. Understanding the dynamics of open systems is important for
studying quantum noise processes [4—6], quantum error correction [7—11], decoherence effects
in quantum computations [12—17] and performing simulations of open quantum systems
[18-23].

In this paper we generalize the usual model of a quantum computer to a model in which a
state is a density matrix operator and gates are general superoperators (quantum operations),
not necessarily unitary. The pure state of n two-level closed quantum systems is an element
of 2"-dimensional Hilbert space and it allows us to consider a quantum computer model with
two-valued logic. The gates of this computer model are unitary operators which act on a such
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state. In the general case, the mixed state (operator of density matrix) of n two-level quantum
systems is an element of 4”-dimensional operator Hilbert space (Liouville space). It allows us
to use a quantum computer model with four-valued logic. The gates of this model are general
superoperators (quantum operations) which act on general n-ququat state. A ququat [2, 3] is
a quantum state in a four-dimensional (operator) Hilbert space. Unitary gates and quantum
operations for a quantum two-valued logic computer can be considered as four-valued logic
gates of the new model. In the paper we consider universality for general quantum four-valued
logic gates acting on ququats.

In sections 2 and 3 the physical and mathematical backgrounds (pure and mixed states,
Liouville space and superoperators) are considered. In section 4, we introduce a generalized
computational basis and generalized computational states for 4”-dimensional operator Hilbert
space (Liouville space). In section 5, we study some properties of general four-valued logic
gates. Unitary gates and quantum operations of a two-valued logic computer are considered as
four-valued logic gates. In section 6, we introduce a four-valued classical logic formalism. We
realize classical four-valued logic gates by quantum gates. In section 7, we study universality
for quantum four-valued logic gates. Finally, a short conclusion is given in section 8.

2. Quantum state and qubit

2.1. Pure states

A quantum system in a pure state is described by a unit vector in a Hilbert space . In the
Dirac notation a pure state is denoted by | V). The Hilbert space H is a linear space with an
inner product. The inner product for |¥;), |¥,) € H is denoted by (W;|W;). A quantum bit
or qubit, the fundamental concept of quantum computations, is a two-state quantum system.
The two basis states labelled |0) and |1) are orthogonal unit vectors, i.e.

(k|l) = ks

where k,1 € {0,1}. The Hilbert space of the qubit is H, = C2. The quantum system
which corresponds to a quantum computer (quantum circuits) consists of 7 quantum two-state
particles. The Hilbert space H™ of such a system is a tensor product of n Hilbert spaces H,
of one two-state particle: H" = H, ® Ho ® - - - ® H,. The space H™ is a 2"-dimensional
complex linear space. Let us choose a basis for H which consists of the 2" orthonormal
states |k), where k is in binary representation. The state |k) is a tensor product of states |k;)
in H™:

k) = k1) ® [k2) ® -+ ® |kn) = |kiky -« - ky)

where k; € {0, 1},i = 1,2, ..., n. This basis is usually called the computational basis which
has 2" elements. A pure state |W(¢)) € H"™ is generally a superposition of the basis states

21

W) = > a®)k) (1
k=0
where 37! lan (D) = 1.

2.2. Mixed states

In general, a quantum system is not in a pure state. Open quantum systems are not really
isolated from the rest of the universe, so it does not have a well-defined pure state. Landau and
von Neumann introduced a mixed state and a density matrix into quantum theory. A density
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matrix is a Hermitian (p! = p), positive (o > 0) operator on H™ with unit trace (Tr p = 1).
Pure states can be characterized by idempotent condition p> = p. A pure state (1) can be
represented by the operator p (1) = |V (7)) (W (?)].

One can represent an arbitrary density matrix operator p(¢) for n-qubits in terms of tensor
products of Pauli matrices o,:

1
p(t) = n Z Py, D)oy, @ -+ Q oy, ()

M

where u; € {0,1,2,3},i =1, ..., n. Here o, are Pauli matrices
0 1 0 —i
o) = (1 0) oy = (i 0) 3)
1 0 1 0
0'32(0 _1> O'():I:(O 1) (4)

The real expansion coefficients P, ,, (t) are given by
Py, ) = Tr (0, ® -+ ® 0, p(1)) -

Normalization (Trp = 1) requires that Py..o(#) = 1. Since the eigenvalues of the Pauli
matrices are 1, the expansion coefficients satisfy |Pul~~un (t)| <L

3. Liouville space and superoperators

For the concept of Liouville space and superoperators, see [24—38].

3.1. Liouville space

The space of linear operators acting on a 2"-dimensional Hilbert space H™ is a (2")? =
4"-dimensional complex linear space H. We denote an element A of 7 by a ket-vector
|A). The inner product of two elements |A) and | B) of H"™ is defined as

(A|B) = Tr(A'B). (5)

The norm ||A] = /(A]A) is the Hilbert—Schmidt norm of operator A. A new Hilbert space
H™ with scalar product (5) is called the Liouville space attached to H™ or the associated
Hilbert space, or Hilbert—Schmidt space [24-38].

Let {|k)} be an orthonormal basis of H":

2"—1

(kIK') = S > lk)tkl=1.
k=0

Then |k, [) = ||k)(I]) is an orthonormal basis of the Liouville space H":

2"—12"—1

(k, LIk, 1) = Sy YN kD1 =1. (6)

k=0 1=0
This operator basis has 4" elements. Note that

lk, 1) = lki, 1) ® k2, 1) @ -+ @ |k, 1) @)
where k;,[; € {0,1},i =1,...,n,and

ki 1) @ |kj, 1j) = |lki) @ |kj), (il @ {L;]).
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For an arbitrary element |A) of H" we have

2"—12"—1

1A) =" Y Ik, Dk, 11A) ®)

k=0 1=0
with
(k,1[|1A) = Tr(|[){k[|A) = (k|A|l) = Ap.

3.2. Superoperators

Operators which act on H" are called superoperators and we denote them in general by
the hat.
For an arbitrary superoperator £ on H" we have

2"—12"—1

k. EIA) =D Yk EWK ) (K T'|A)
k'=0 I'=0
2M—12"—1

= Z Z Extier Aper-

k'=0 I'=0

Let A be a linear operator in Hilbert space 1. Then the superoperators L 4 and R 4 will
be defined by

LalB)=1AB)  RalB) =|BA). ©
The superoperator P = |A)(B| is defined by

PIC) =A)(BIC) = |A) Tr(B'C). (10)
The superoperator &' is called the adjoint superoperator for & if

(£1(A)|B) = (AIE(B)) (an

for all |A) and |B) from H™_ For example, if & = iAﬁB, then £ = imﬁgi. If€ = I:A,
then & = ZA%.
The superoperator £ is called unital if £ 1) =|I).

4. Generalized computational basis and ququats

Let us introduce a generalized computational basis and generalized computational states for
4"-dimensional operator Hilbert space (Liouville space).

4.1. Pauli representation

Pauli matrices (3) and (4) can be considered as a basis in operator space. Let us write the Pauli
matrices (3) and (4) in the form

o1 = [0){(1]+[1)(0] = |0, 1) + [, 0)

op = —1|0) (1] +1[1)(0] = —i(]0, 1) — |1, 0))

o3 = [0)(0] — [1)(1] =10,0) — |1, 1)

oo =1 =10){(0] + [1)(1] =10,0) + |1, 1).
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Let us use the formulae

10, 0) = 1(|00) + |03)) 11, 1) = 1(lo0) — |o3))

10, 1) = 3(lo) +il02)) 11,0) = 3(lov) — il02)).
It allows us to rewrite the operator basis
lk, 1) = ki, 11) ® lka, 1) @ -+ - @ |kn, In)
by complete basis operators
loy) = |oy, ®0u, ® - R0y,)
where ; = 2k; +1;,i.e. u; €{0,1,2,3},i =1, ..., n. The basis |0,,) is orthogonal
(oplow) = 2"8,,

and complete operator basis

1 N—1
> ool =1
"

where N = 4". For an arbitrary element |A) of 7™ we have the Pauli representation by

N—1
1
14) = 22 > 10w)(0lA) (12)
n=0
with the complex coefficients (0,|A) = Tr(a,é). We can rewrite formula (2) using the
complete operator basis |o,,) in Liouville space H™:
N-1

1
o) = 2> 10w Pu(o) (13)

n=0
whereo, =0, @ - ®o0y,, 0 = (U1 - y), N =4"and P, (t) = (0o,]p(1)).
The density matrix operator p(z) is a self-adjoint operator with unit trace. It follows that
Pi(t) = Pyu(t) Py(1) = (oolp(1)) = 1.
In the general case,
| Nl
> 2 P = (o0lp @) =Tr(p*@) < 1. (14)

=0
Note that the Schwarz inequality

|(A|B)|* < (A]A)(B|B)
leads to

[Tp)* < TID(p@)]p0)).
We rewrite this inequality in the form

N-—1
L= Trp(0)f < 2" Tr(0* (1)) = ) Pi(0) (15)
n=0
where N = 4". Using (14) and (15) we have
1 N—1
< Tr(p*(1)) < 1 or 1< P2(r) < 2. (16)
N p~(t) (1)
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4.2. Generalized computational basis

Let us define the orthonormal basis of Liouville space. In the general case, the state p(z) of
the n-qubit system is an element of Hilbert space H". The basis for H" consists of the
27" = 4" orthonormal basis elements denoted by |1t).

Definition. The basis of Liouville space H™ is defined by

1 1
) = it ) = —=loy) = ﬁlw ® Qo) (17)
where N = 4", u; € {0, 1,2, 3} and
N—1
() =8ue Y Il =1 (18)
n=0

is called the ‘generalized computational basis’.

Here p is a four-valued representation of
o= A 4 (19)

The pure state of n two-level closed quantum systems is an element of 2"-dimensional
functional Hilbert space H". It leads to a quantum computer model with two-valued logic.
In the general case, the mixed state p(¢) of n two-level (open or closed) quantum systems
is an element of 4"-dimensional operator Hilbert space H™ (Liouville space). It leads to a
four-valued logic model for the quantum computer.

The state |p(¢)) of the quantum computation at any point in time is a superposition of
basis elements,

N—1
HOEDMRIBING! (20)

n=0
where p, (t) = (u|p(t)) are real numbers (functions) satisfying normalized condition
1

1 1
po(t) = ﬁ(aolp(t)) = ﬁTr(p(t)) =—=. 1)

NG

4.3. Generalized computational states

Generalized computational basis elements |xt) are not quantum states for i # 0. It follows
from normalized condition (21). The general quantum state in the Pauli representation has the
form (20). Let us define simple computational quantum states.

Definition. Quantum states in Liouville space defined by

lnl = 2—1”(I<To) + o) (1 = 8,0)) (22)
or
1
lul = ﬁ

are called ‘generalized computational states’ .

(10) + [) (1 = 8,0))- (23)

Note that all states |u], where p # 0, are pure states, since [u|u] = 1. The state [0] is a
maximally mixed state. The states |u] are elements of Liouville space H™.
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The quantum state in a four-dimensional Hilbert space is usually called ququat, qu-quart
[39] or qudit [40—44] with d = 4. Usually the ququat is considered as a four-level quantum
system. We consider the ququat as a general quantum state in a four-dimensional operator
Hilbert space.

Definition. A quantum state in four-dimensional operator Hilbert space (Liouville space)
HW associated with a single qubit of space HV = H, is called a ‘single ququat’ . A quantum
state in 4"-dimensional Liouville space H"™ associated with an n-qubits system is called an
‘n-ququat’.

Example. For the single ququat the states | ] are

0] = 3l00) k] = 3(l00) + |o%))
or

1 1
0] =—=I0 k]=—
0] ﬁl) k] 7

It is convenient to use matrices for quantum states. In matrix representation the single
ququat computational basis |x) can be represented by

(10) + 1k)).

1 0 0 0
0 0
o=, DR 2= 3=,
0 0 0 1
In this representation single ququat generalized computational states |11 ] are represented by
1 1 1 1
0 1 11 I 10 1 ]0
0] = — ] =— 2] = — 13]=—
V2 |0 V210 V2 |1 V210
0 0 0 1

A general single ququat quantum state |p) = ZZ:O |) p,. is represented by

00
P1
02
3
where pg = 1/\/5 and ,012 + ,0% + ,032 < V2.
We can use the other matrix representation for the states |p] which have no coefficient
1/4/2". In this representation single ququat generalized computational states |u] are
represented by

lp) =

1 1 1 1
0 1 0 0
=1, m=1, 21= | 31=1,
10 0 0 1
A general single ququat quantum state
!
Py
lp] = P,

P
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where P} + P3 + P32 < 1, is a superposition of generalized computational states

lp] = 101(1 — Py — P> — P3) + |11 P +[2] P> + |3] Ps.

5. Quantum four-valued logic gates

5.1. Superoperators and quantum gates

Unitary evolution is not the most general type of state change possible for quantum systems.
The most general state change of a quantum system is a positive map which is called a quantum
operation or superoperator. For the concept of quantum operations, see [5, 45-48].

Quantum operations can be considered as generalized quantum gates acting on general
(mixed) states. Let us define a quantum four-valued logic gate.

Definition. A quantum four-valued logic gate is a superoperator & on Liouville space H™
which maps a density matrix operator |p) of n-ququats to a density matrix operator |p") of
n-ququats.

Let us consider a superoperator & which maps density matrix operator |p) to density
matrix operator |p’). If |p) is an density matrix operator, then é |p) should also be a density
matrix operator. Therefore we have some requirements for superoperator £. The requirements
for a superoperator € on the space H" to be the quantum four-valued logic gate are as follows:

1. The superoperator & is a real superoperator, i.e. (£(A))f = £(A1) forall A or (£(p)f =
&(p). The real superoperator £ maps self-adjoint operator p to self-adjoint operator &(p):
EEnt=Ep). .

2. The superoperator £ is a positive superoperator, i.e. £ maps positive operators to positive
operators: £(A%) > 0forall A # 0orE(p) > 0.

We have to assume the superoperator £ to be not merely positive but completely
positive. The superoperator £ is a completely positive map of Liouville space, i.e. the
positivity remains if we extend the Liouville space 7 by adding more qubits. That is,
the superoperator £ ® 1 must be positive, where 1 is the identity superoperator on
some Liouville space H"™.

3. The superoperator & is a trace-preserving map, i.e.

U1€1p) = EDp) =1 or En =1 (24)

As the result we have the following definition.

Definition. A quantum four-valued logic gate is a real positive (or completely positive)
trace-preserving superoperator £ on Liouville space H™.

In the general case, we can consider linear and nonlinear quantum four-valued logic gates.
Let the superoperator £ be a convex linear map on the set of density matrix operators, i.e.

é (ZM/%) = Z)\sé(ps)

where all A, are 0 < Ay < 1 and ) A, = 1. Any convex linear map of density matrix
operators can be uniquely extended to a linear map on Hermitian operators. Note that any
linear completely positive superoperator can be represented by

m
&= ZLAjRAj‘
=1
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If this is a trace-preserving superoperator, then

m

T —
D AjA =1
j=1

i.e. condition (24) is satisfied.

The restriction to linear gates is unnecessary. Let us consider a linear real completely
positive superoperator & which is not trace-preserving. This superoperator is not a quantum
gate. Let (/ |<§ lp) = Tr(é' (p)) be the probability that the process represented by the
superoperator £ occurs. Since the probability is non-negative and never exceeds 1, it follows
that the superoperator £ is a trace-decreasing superoperator:

0< U< or  E<I
In general, any linear real completely positive trace-decreasing superoperator generates a

quantum four-valued logic gate. The quantum four-valued logic gate can be defined as
nonlinear superoperator N’ by

A s \1p N £(p)
Nip) = UIElp) " Elp) or N(p) = —— (25)
Tr(E(p))
where £ is a linear real completely positive trace-decreasing superoperator.
In the generalized computational basis the gate £ can be represented by
| NN
€= ZO Xoj Eulo) (0] (26)
=0 v=

where N = 4", 1 and v are four-valued representations of
o= ANy 4+
v=vd""T oy 4y
Oy =0y, ® - Qoy,

wi, vi €{0,1,2,3} and £,, are elements of some matrix.

5.2. General quantum operation as four-valued logic gates

Unitary gates and quantum operations for a quantum computer with pure states and two-valued
logic can be considered as quantum four-valued logic gates acting on mixed states.

Proposition 1. In the generalized computational basis |jv) any linear quantum operation &
acting on n-qubit mixed (or pure) states can be represented as a quantum four-valued logic
gate £ on n-ququats by

N—1N-1
=33 Eulwol @n
n=0 v=0
where N = 4",
1 A
Ew = o Tr(c,&(0y)) (28)

ando, =0, @ - ® 0y,

Proof. The state p’ in the generalized computational basis |x) has the form

N-1
o)=Y W,
n=0
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where N = 4" and
i i 1 I
Py = (nlp") = ﬁTr(UuP )-

The quantum operation € defines a quantum four-valued logic gate by
NI
A A N 1
1) =Elp) =1E(P) = ) 1E@)—=py-
5 7
Then
NI |
= EA v)) S Pv-
(1) ;w (©)) 50
Finally, we obtain

N—1
'Ol/t = Z guvpv
v=0

where
1 s 1 6
Euv = 77 Ou€(0)) = 3 Tr(0,E (1),

This formula defines a relation between quantum operation € and the real 4" x 4" matrix Euv
of a quantum four-valued logic gate.

Quantum four-valued logic gates € in the matrix representation are represented by 4” x 4"
matrices &,,. The matrix of the gate & is

Eo Eo1 0 Eoa
s o & -
5410 5al T 541(1
where ¢ = N — 1 = 4" — 1. In matrix representation the gate £ maps the state
1) = X050 v)py to the state |p') = 30" |n)p), by
N-1
Pl= D Ewby (29)
v=0
where pj = po = 1/+/2". It can be written in the form
0 o Eo - Eoa\ [ Po
o} _ &0 & - Cua o1
,0(/1 5410 5al ce 541(1 Pa

Since P, = +/2"p,, and P/L = V2" ,0;, it follows that representation (29) for linear gate
& is equivalent to

N-1
P, =Y &uP. 30)
v=0
It can be written in the form
P} Eo Eo - Eoa\ [Po
Py

o 0 P

Pg, 5[10 gal e gaa Pa
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where Py = Pj = 1. Note that if we use different matrix representations of state we can use
identical matrices for gate £. O

Proposition 2. In the generalized computational basis ||1) the matrix £, of a linear quantum
four-valued logic gate
m
8=ZLAJ.RAj (31)
j=1
isreal, ie. £;, = &y for all w and v. Any real matrix &, associated with linear (trace-
preserving) quantum four-valued logic gate (31) has

80\) = 8ou. (32)

Proof.

1l — 1 &
Ew =5 Y Tr(o,Aj0,AT) = > > (Aloulo,AD).
j=1

j=1

1 & P
i i fiaf
&y = 5 E (AjouloA)" = 5 E (0vA;|A0,)
J=1 j=1

1 & 1
= 2_11 ZTI(AJGVAIUM) = 2_11 ZTr(GMAJUVAj) = gl“}.
Jj=1 j=1

Let us consider the &, for gate (31):

1 1
o = 7 Tr(00é(0v)) = 7 Tr(E(0v))

1 - 1 -
t t
=5 Tr Y Ao Al = T > AlAj] o,
j=1 j=1

= ? TrO'V = 8()\;.

In the general case, a linear quantum four-valued logic gate acts on |0) by

N—-1
£10) = 10) + Y _ Txlk).

k=1
For example, a single ququat quantum gate acts by
£10) = |0) + T1|1) + T>]2) + T3|3).

If all Ty, where k = 1,..., N — 1, are equal to zero, then €|0) = 10). The linear quantum
gates with T = 0 conserve the maximally mixed state |0] invariant. O

Definition. A quantum four-valued logic gate £ is called a unital gate or gate with T = 0 if
the maximally mixed state |0] is invariant under the action of this gate: £|0] = |0].

The output state of a linear quantum four-valued logic gate £ is |0] if and only if the input
state is |0]. If £]0] # |0], then £ is not a unital gate.

Proposition 3. The matrix &,,, of linear real trace-preserving superoperator & on n-ququats
is an element of group TGL(4" — 1, R) which is a semidirect product of general linear group
GL(4" — 1, R) and translation group T (4" — 1, R).
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Proof. This proposition follows from proposition 2. Any element (matrix &,,) of group
TGL(4" — 1, R) can be represented by

1 0
(1 0)

where T is a column with 4" — 1 elements, O is a line with 4" — 1 zero elements, and R is a real
(4" —1) x (4" — ) matrix R € GL(4" — 1, R). If R is orthogonal (4" — 1) x (4" — 1) matrix
(RTR = 1), then we have the motion group [62-64]. The group multiplication of elements
E(T, R) and E(T’, R') is defined by

E(T,RE(T' R =E(T +RT',RR)).
In particular, we have

E(T,R)=E(T, 1)EO, R) E(T,R) = (0, RYE(RT'T, I

where [ is a unit (4" — 1) x (4" — 1) matrix. 0

Any linear real trace-preserving superoperator can be decomposed into unital
superoperator and translation superoperator. It allows us to consider two types of linear
trace-preserving superoperators:

(1) Unital superoperators £7=9 with the matrices £(0, R). The n-ququat unital
superoperator can be represented by

N—-1N-1

ET=D = 10)(01+ ) Y Rulk)(|

k=1 I=1
where N = 4",
(2) Translation superoperators £7) defined by matrices (7, I) and

N—1 N—1
ED ="l (ul+ Y Tilk)(©l.
n=0 k=1

5.3. Decomposition for linear superoperators

Let us consider the n-ququat linear real superoperator

N—1 N—1N—-1
E=10001+ D Tulw) O+ Y >~ Rulw)(v] (33)
n=I1 n=1 v=I1

where N = 4",

Proposition 4 (Singular valued decomposition for matrix). Any real matrix R can be
written in the form R = U, DZ/lZT, where U, and U, are real orthogonal (N — 1) x (N — 1)
matrices and D = diag(Ay, ..., Ay—1) is a diagonal (N — 1) x (N — 1) matrix such that
A=A 22 Ay 20,

Proof. This proposition is proved in [61, 69-71]. O
In the general case, we have the following proposition.

Proposition 5 (Singular valued decomposition for superoperator). Any linear real
superoperator (33) can be represented by

E=EDu,Dth, (34)
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where U, and U, are unital orthogonal superoperators, such that

N—1N—-1
Uy = 10)(O+ Y Y U] (35)
n=1 v=1

D is a unital diagonal superoperator, such that
N-1

D =101+ Y il (ul (36)

pu=1

where A, > 0. £D) is a translation superoperator, such that

N-1 N-1
EM = 10)01+ Y Wl + 3 Tl (©]. (37)
pn=l n=l

Proof. The proof of this proposition can be easily realized in matrix representation by using
propositions 3 and 4. O

As a result we have that any linear real trace-preserving superoperator can be realized
by three types of superoperators: (1) unital orthogonal superoperator I/; (2) unital diagonal
superoperator D; (3) nonunital translation superoperator £,

Proposition 6. If the quantum operation € has the form
E(p) =) AjpA]
j=1

where A is a self-adjoint operator (AT]- = Aj), then quantum four-valued logic gate Eis
described by symmetric matrix &,,, = &,,,. This gate is trace-preserving if £,0 = Eou = S,0.

Proof. If A’ = A;, then

N
l m
= ——= ) Tr(0,Ajo,A)) = Eup.
v J=1

Using proposition 2 we have that this gate is trace-preserving if £,0 = . = J,0. O

1 m
b= = > Tr(ouAjouA))
j=1

5.4. Unitary two-valued logic gates as orthogonal four-valued logic gates

Let us consider a unitary two-valued logic gate defined by unitary operator U acting on pure
states—unit elements of Hilbert space. The map & : p — UpU' induced by a unitary
operator U is a particular case of quantum operation.

Proposition 7. In the generalized computational basis any unitary quantum two-valued logic
gate U acting on pure n-qubit states can be considered as a quantum four-valued logic gate U
acting on n-ququats:

—1N—1

U= > UalwOl (38)

n=0 v=l
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where U, is a real matrix such that

1
U = 3 Tr(o,Uo, U"). (39)

Proof. Using proposition 1 and the equation
1) =Ulp) = UpU")
we get this proposition.
Formulae (38) and (39) define a relation between the unitary quantum two-valued logic
gate U and the real 4" x 4" matrix U of quantum four-valued logic gate 1. O

Proposition 8. Any four-valued logic gate associated with a unitary two-valued logic gate by
(38) and (39) is a unital gate, i.e. gate matrix U defined by (39) has U0 = Uy, = 8,0.

Proof.
1 t 1 t 1
Uy = ?Tr(o,LUaoU ) = 2—nTr(aMUU ) = ?Trav.

Using Tr o, = 8,0 we get U ;0 = 8,0.

Let us denote the gate I{ associated with unitary two-valued logic gate U by £,

Proposition 9. If U is a unitary two-valued logic gate, then in the generalized computational

basis a quantum four-valued logic gate U = €V associated with U is represented by
orthogonal matrix £V :
£ () = (eW) g® = . (40)

Proof. Let £ be defined by

EDpy=1uputy £y = U pU).
IfUUT = UTU = I, then

g(U)(cf(UT) — g(U*)g(U) — i

In the matrix representation we have
N-1 N-1

Z U)oU) _ } : UM e(U) _
5;(101 50((\1 ) - 5,1(1(1 go(tv - (SMV
a=0 a=0

ie. EUNEW) = g gWh = I Note that
1 1
eUD = > Tr(o, U'lo,U) = > Tt(o,Uo, UT) = £V
ie. EUD = (£WNHT | Finally, we obtain (40). O

Proposition 10. If £ is an adjoint superoperator for linear trace-preserving superoperator
&, then the matrices of the superoperator are connected by transposition E1 = E7 :

(ST)MV =Eup- “D

Proof. Using

m
E=) LRy
j=1

~
Il

™
I
Ingb
~
>
=»
:—'*-
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we get

1 m
Ew =5 > Tr(o,Aj00A")
j=1

ENp = Tr(c,Al0yA))

2| -

Tr(o,A o, AL) = &, O

>
j=1
1 m

7 2
j=1

Obviously, if we define the superoperator £ by
N—1N-1
=23 Eulml
n=0 v=0
then the adjoint superoperator has the form
N—-1N-1

YD Gl l.

n=0 v=0

Patl

Proposition 11. If E1€ = £E1 = 1, then & is an orthogonal quantum four-valued logic gate,
e ETE =T =1

Proof. If £1€ = I, then
N-1

D wléle)@l€]v) = (ulT|v)

a=0
i.e.

N—1
Z(‘E’T)uagav = Suv'
a=0

Using proposition 8 we have

N—1
Z(gT)uagav = (S,uv
a=0
ie. ET€=1. O

Note that n-qubit unitary two-valued logic gate U is an element of Lie group SU(2"). The
dimension of this group is equal to dim SU(2") = (2")> — 1 = 4" — 1. The matrix of n-ququat
orthogonal linear gate 2/ = &) can be considered as an element of Lie group SO(4" — 1).
The dimension of this group is equal to dim SO(4" — 1) = (4" — 1)(2 x 4= 1),

For example, if n = 1, then

dimsSU2"Y =3 dimSo@4' — 1) = 3.
If n = 2, then
dimSU(2*) =15 dimSO4* — 1) = 105.

Therefore, not all orthogonal quantum four-valued logic gates for mixed and pure states are
connected with unitary two-valued logic gates for pure states.



5222 V E Tarasov

5.5. Single ququat orthogonal gates

Let us consider single ququat quantum four-valued logic gate I associated with unitary single
qubit two-valued logic gate U.

Proposition 12. Any single qubit unitary quantum two-valued logic gate can be realized as
the product of single ququat simple rotation quantum four-valued logic gates UV («), U (0)
and UV (B) defined by

AV (@) = 10)(0] +[3)(3| +cosa(| 1) (1] +[2)(2]) + sinee(|2) (1] — [1)(2])
U () = 10)(0] + 2)(2| + cos (| 1) (1] + [3)(3]) +sinO (| (3] — [3)(1])

where o, 0 and B are Euler angles.

Proof. Let us consider a general single qubit unitary gate [56]. Every unitary one-qubit gate
U can be represented by a 2 x 2-matrix

U6, p) = e 727072 e7P0l2 = Uy (@) U2 () Ui (B)

where

o—ia/2 0 cosf/2 —sin6/2
Ui(a) = < 0 eia/Z) U2(0) = <sin6/2 0089/2)

where o, # and B are Euler angles. The corresponding 4 x 4-matrix U («, 0, ) of a four-valued
logic gate has the form

U, 0, B) = UD (@)U @)U (B)
where

UL (@) = 1Tr(o, Ui (@0, Uf (@)

UP(0) = 1 Ti(0,U2(0)0, U (6)).

Finally, we obtain

1 0 0 0
0 cosa —sina O
(1) _
U (o) = 0 sina cosa O
0 0 0 1
1 0 0 0
0 cosfé O sind
(2) _
U=©) = 0 0 1 0
0 —sinf O cos6
where
O0<ua<2n 0<o<nr 0< B < 2m.

Using U(w, 0 +2m, B) = —U(w, 0, B), we get that two-valued logic gates U(w, 6, B) and
U(a, 0 + 2w, B) map to single quantum four-valued logic gate U («, 8, B). The back rotation
four-valued logic gate is defined by the matrix

U N, 0,8) =UQRT —a,m — 0,27 — p).
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The simple rotation gates " (o), 1® (), UV (B) are defined by matrices UV (), U (0)
and UV (B). -
Let us introduce simple reflection gates by
RO = 10)(0] — [D)(A[+[2)2] + |3)3]
RP = 10)0]+ |D)(1]| — [2)2] + 3)(3|
R = 10)(0] + D (1] +[2)2] — 13)3].

Proposition 13. Any single ququat linear quantum four-valued logic gate & defined by
orthogonal matrix £ : EET = I can be realized by

o simple rotation gates UV and U® .
e inversion gate 1 defined by

Z=10)01 — D] = 22| = [3)(3].

Proof. Using proposition 10 and

R = yyMT R = yy®7F RO = OO
we get this proposition. O
Example 1. In the generalized computational basis the Pauli matrices as two-valued logic

gates are the quantum four-valued logic gates with diagonal 4 x 4 matrices. The gate I =
oy 18

3
ac” =3 myul =1

n=0
ie. UGY = $ Tr(0,0,) = Sy

For the unitary quantum two-valued logic gates which are equal to the Pauli matrix oy,
where k € {1, 2, 3}, we have quantum four-valued logic gates

3
U =3 Ui el

w,v=0
with the matrix

u&;k) = 28'“081,0 + 28'“](81,]( — SMV‘ (42)

Example 2. In the generalized computational basis the unitary NOT gate (‘negation’) of
two-valued logic

0 1
X =0)(1| +[1){0] = 01 = (1 0)
is represented by the quantum four-valued logic gate
U =10)(01+ 1) (1] = 22| = 13)3].

Example 3. The Hadamar two-valued logic gate

1
H = E(GI + 03)

can be represented as a quantum four-valued logic gate by
£ =10)(01 = 2@+ 13+ DG
with the matrix
5,313) = 8,060 — 842612 + 8,3001 + 3,16,3.
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5.6. Measurements as quantum four-valued logic gates

It is known that the von Neumann measurement superoperator & is defined by

Elp) =) _|PpP) (43)
k=1
where {P.lk = 1,...,r} is a (not necessarily complete) sequence of orthogonal projection

operators on H.
Let P; be projectors onto the pure state |k) which define the usual computational basis
{lk)}, i.e.

Py = k) (k|.

Proposition 14. A nonlinear quantum four-valued logic gate N for von Neumann measurement
(43) of the state p = Z;\:Ol |o0) py is defined by

. I o
N = ; o ; ; ER | (44)
where
1 r N—I
& = 5 TropPov k) p(r) =20 Y & . 45)
k=1 a=0
Proof. The trace-decreasing superoperator & is defined by
1p) = 10") = &lp) = | PipP).
This superoperator has the form fk =L p,(IAQ p,- Then
N—1 N-1
Py, = (ulp) = (ulélp) =Y (&l lp) = > X p,
v=0 v=0

where
. 1
ER) = (WI&v) = = Tr(o, Puoy Po).

The probability that the process represented by & occurs is

N—1
pk) = Te(Eu(p)) = (1l p) = V2 py = V27 Y € pa.

a=0
If
r N-—1
Py =V2TY Y 8 b #0
k=1 a=0
then the matrix for nonlinear trace-preserving gate A is
N =Y p~ (EY. 0
k=1

Example. Let us consider the single ququat projection operator
Py =10){0] = 3(00 +03).
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Table 1. Single argument classical gates.

x ~x Ox Ox Iy I L &L

=

0 3 0 0 1 3 0 0 0
12 0 3 2 0 3 0 0
2 1 0 3 3.0 0 3 0
3.0 3 3 0 0 0 0 3

Using formula (45) we derive
EY) = £ Tr(0,(00 + 03)0, (00 + 03))
= %(8;/.08\)0 + 8;&38\13 + 8;&381)0 + 8;&081)3)-

The linear trace-decreasing superoperator for von Neumann measurement projector |0) (0|
onto the pure state |0) is

£ = 3(0)(0 +13)3] +[0) (3] +13)(0D.

Example. For the projection operator
Py = |1)(1] = 5(00 — 03).
Using formula (45) we derive
5,93 = %(%0&;0 + 68,3803 — 8,3800 — 8,06,3)-
The linear superoperator £V for the von Neumann measurement projector onto the pure state
[1) is
ED = 1(10)(0] + 13)3] — 10)3] — 13)(O)).

The superoperators £ and £ are not trace-preserving. The probabilities that processes
represented by superoperators £® occur are

1 1
p0) = E(Po +p3) p(l) = 75(,00 — p03).

6. Classical four-valued logic gates

Let us consider some elements of classical four-valued logic. For the concept of many-valued
logic, see [49-53].

6.1. Elementary classical gates
A function g(x1, ..., x,) describes a classical four-valued logic gate if the following conditions
hold:
e all x; € {0,1,2,3}, wherei =1,...,n.
e g(x1,...,x,) €{0,1,2,3}.
It is known that the number of all classical logic gates with n arguments xy, . . ., x, is equal
to 4%, The number of classical logic gates g(x) with single argument is equal to 4* = 256.
Let us write some of these gates in table 1.
The number of classical logic gates g(xy, x») with two arguments is equal to
4 = 45 = 42949677 296.

Let us write some of these classical gates in table 2.
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Table 2. Two-argument classical gates.

(x1,x2) A v Vg ~Vy
©0o) 0 0 1 2
on o 1 2 1
©2 0 2 3 0
©,3) 0 3 0 3
Loy o 1 2 1
L 1 1 2 1
1,2) 1 2 3 0
(1,3) 1 3 0 3
2,0) 0 2 3 0
eI 1 2 3 0
22 2 2 3 0
2,3) 2 3 0 3
3,00 0 3 0 3
G, 1) 1 3 0 3
G2 2 3 0 3
3,3 3 3 0 3

Let us define some elementary classical four-valued logic gates by formulae:

e Luckasiewicz negation: ~x = 3 — x.

e Cyclic shift: X = x + 1(mod4).

e Functions /;(x), wherei = 0,...,3,suchthat [;(x) =3ifx =i and [;(x) =0if x #i.
e Generalized conjunction: x; A x, = min(xy, x3).

e Generalized disjunction: x; V x, = max(xy, x2).

e Generalized Sheffer—Webb function:

Vi(x1, x2) = max(xy, xp) + 1(mod4).
The generalized conjunction and disjunction satisfy the commutative law, associative law
and distributive law:
o Commutative law
X1 A Xy = X3 AX| X1V X2 = X2V X].
e Associative law

(X1 Vx2) Vx3=2x1V(x2V x3)
(X1 Ax2) Axz =x1 A (X2 AX3).

e Distributive law

X1V (2 Ax3) = (x1 Vx2) A(xg Vxs)
X1 A (x2Vx3) = (x1 Ax) V(X1 Axz).

Note that the Luckasiewicz negation satisfies the following properties:
~(vx) =x ~(x1 A xz) = (v x1) V(v x).
The following usual negation rules are not satisfied by the circular shift:

?;éx X1 A X2 # X1 VX3,
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The analogue of the disjunction normal form of the n-argument classical four-valued logic
gate is

gty x) =\ TG A AT () Agk, k).,

Let us consider (functional) complete sets [51, 52] of classical four-valued logic gates.

Proposition 15. The set {0, 1,2, 3, Iy, I1, I, Is, x1 A x2, X1 V X2} is a complete set.
The set {x, x1 V x2} is a complete set.
The gate Vi(x1, x2) is a complete set.

Proof. This proposition is proved in [52]. O

6.2. Quantum gates for single argument classical gates
Let us consider linear trace-preserving quantum gates for classical gates ~, x, Iy, I, Iz, I3,

0,1,2,3,0,0.

Proposition 16. Any single argument classical four-valued logic gate g(v) can be realized as
a linear trace-preserving quantum four-valued logic gate by

3 303
EW =10)(0+ Y 18(k)) (k| + (1 = Sog) | 18ONOI =D > (1= 8ye0) IW)] | . (46)
k=1 pn=0v=0
Proof. The proof is by direct calculation in
E¥)a] = |g()]
where
A 1 4 A
E(g)|(x] - 5(g)|0) +5(g)|a) ) O
5l )
Examples.
1. The Luckasiewicz negation gate is
EC =10)(0] + D[+ [2) (1] +13)(0] — [3)(3|.

2. The four-valued logic gate I can be realized by

3
W) — 10)(0] +|3)(0] — Z 13) (k.

k=1
3. The gates I (x), where k = 1,2, 3, are

£ = 10)(0] + |3) (K|
4. The gate X can be realized by

3

E® = 10)(0 + O] + (1] + 132 — Y ID(kI.

k=1

5. The constant gates 0 and k = 1, 2, 3 can be realized by
£Q =10)(0| E® =10)(0] + [k)(O].
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6. The gate Qx is realized by

3
€ = 10001+ D 13)(kl.

k=1
7. The gate Clx =~ Qx is
£ =10)(0] +13)(3I.

Note that the quantum four-valued logic gates £, £, £0) @) are not unital gates.

6.3. Quantum gates for two-argument classical gates

Let us consider quantum four-valued logic gates for two-argument classical four-valued logic
gates.

1. The generalized conjunction x; Ax, = min(xy, x») and generalized disjunction x| Ax; =
max(xi, xp) can be realized by a two-ququat quantum four-valued logic gate with T = 0:

Elxi, x2] = |x1 V x2, X1 A x2].

Let us write the quantum four-valued logic gate which realizes the gate in the
generalized computational basis by

N—1N-1 3 3
E="> ") (vl + Y (10k)—[k0) (KO + Y (|1k)— [k 1)) (k1] + (123) = [32))(32].
pu=0 v=0 k=1 k=2

2. The Sheffer—Webb function gate |x;, xo] — |Va(x1, x2), ~ V4(x1, x2)] can be realized by
a two-ququat quantum gate with 7 # 0:
303
EBSW) —=100)(00] + [12)(00] — Z Z [12)(uv] +|21)(10] + [21)(11] + |30) (02|
n=0 v=1

+130)(20] +130) (12| + |30) (21| + [30) (22| + [03) (03]

3
+103)(13] +103) (23| + Z [03) (3l

n=0
Note that this Sheffer—Webb function gate is not a unital quantum gate and
ECW) £ Va1, x2), ~Va (1, x2) (1, 2.

7. Universal set of quantum four-valued logic gates

The condition for performing arbitrary unitary operations to realize a quantum computation
by dynamics of a closed quantum system is well understood [56—59]. Using quantum unitary
gates, a quantum computer with pure states may realize the time sequence of operations
corresponding to any unitary dynamics. Deutsch ez al [57], DiVincenzo [58] and Lloyd [59]
showed that almost any two-qubit quantum unitary gate is universal for a quantum computer
with pure states. It is known [56-59] that a set of quantum gates that consists of all one-qubit
unitary gates and the two-qubit exclusive-OR (XOR) gate is universal for a quantum computer
with pure states in the sense that all unitary operations on arbitrarily many qubits can be
expressed as compositions of these unitary gates. Recently in [43] universality for a quantum
computer with n-qubit quantum unitary gates on pure states was considered.
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The same is not true for the general quantum operations (superoperators) corresponding
to the dynamics of open quantum systems. In the paper [20] a single qubit open quantum
system with Markovian dynamics was considered and the resources needed for universality of
general quantum operations were studied. An analysis of completely positive trace-preserving
superoperators on single qubit density matrices was realized in papers [66—68].

Let us study universality for quantum four-valued logic gates [2, 3].

Definition. A set of quantum four-valued logic gates is universal iff all quantum gates on
arbitrarily many ququats can be expressed as compositions of these gates.

Single ququat gates cannot map two initially un-entangled ququats into an entangled state.
Therefore, the single ququat gates or set of single ququat gates are not universal gates for a
quantum computer with mixed states. Quantum gates which are realizations of classical gates
cannot be universal by definition, since these gates evolve generalized computational states to
generalized computational states and never to the superposition of them.

The matrix € of the linear real superoperator & on H" is an element of Lie group
TGL(4" — 1,R). The linear superoperator & on H" is a quantum four-valued logic gate
(completely positive trace-preserving superoperator) iff the matrix £ is a completely positive
element of Lie group TGL(4" — 1,R). The matrix N of a nonlinear real trace-preserving
superoperator A" on H is a quantum four-valued logic gate defined by

. Ep)
N = . 47
(0) TCw) (47)

iff the matrix & of the linear trace-decreasing superoperator € is a completely positive element
of Lie group GL(4", R). The condition of complete positivity leads to difficult inequalities for
matrix elements [65-68]. In order to satisfy the condition of complete positivity we use the
following representation:

=Y iRy (48)
j=1

where L, and R, are left and right multiplication superoperators on H™ defined by
L4|B) = |AB), R4|B) = |BA). Itis known that any linear completely positive superoperator
£ can be represented by (48). Any trace-decreasing superoperator (48) generates a quantum
four-valued logic gate by (47). To find the universal set of completely positive (linear or
nonlinear) superoperators, i.e. quantum four-valued logic gates, we suggest con51der1ng the
universal set of the superoperators L A, and R Al Let the superoperators L a; and R Al be

called pseudo-gates. A set of pseudo-gates is universal iff all pseudo-gates on arbltranly
many ququats can be expressed as compositions of these pseudo-gates. The matrices of the
superoperators L 4 and R 4i are connected by complex conjugation. The set of these matrices
is a group GL(4", C). Obviously, the universal set of pseudo-gates L, is connected with a
universal set of completely positive superoperators £ of the quantum four-valued logic gates.

The trace-preserving condition for linear superoperator (48) is equivalent to the
requirement £y, = &, for gate matrix £. The trace-decreasing condition can be satisfied
by inequality of the following proposition.

Proposition 17. If the matrix elements &,,, of a superoperator & are satisfied by the inequality
D (G <1 (49)

then & is a trace-decreasing superoperator.
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Proof. Using the Schwarz inequality

N—-1 N—-1 N—-1
D Goupn | <D oD (00)’
u=0 n=0 v=0

and the property of the density matrix

Trp? = (plp) = Y () < 1

we have
2
N—1 N—-1
ITrEP) = 101 = [ D Eoupn | <D (Ea)*.
=0 n=0

Using (49), we get [Tr€(p)| < 1. Since £ is a completely positive (or positive) superoperator
(&(p) = 0), it follows that

0<Tré(p) < 1

i.e. £ is a trace-decreasing superoperator. 0

Let us consider the superoperators L 4 and R 4i. These superoperators can be represented
by

||P12
||P12

IN— IN—
Z LYWl Ra Z R ) (] (50)
v=0 v=0

where matrices ij}) and R(A" are defined by

LL’? — TI‘(UMAUV) = Tr(o’ao'MA)

RAD = lTr(a oAl = iTr(ATa )
nv on n=v on nEv .

Proposition 18. The matrix £,, of the completely positive superoperator (48) can be
represented by

iNZ (](;\)R(]A" (51)
j=1 a=0

Proof. Let us write the matrix £,, by matrices of superoperators L A, and ﬁ
m m N-—1 m N—
Euv=(ul&v) =Z (], R > (] La | ZZ LUMRYAD.
j=1 j=1 a=0 j=1 a=0

Finally, we obtain (51), where

G — 1 1 1
LYY = (u|Lale) = (GM|LA |ow) = 20 Tr(0A00) = 22 Tr(040A))

. A 1 1 1
RYM = (a|Ryv) = o (Ou| Ry lov) = 5 Tr(ou0,A)) = - Tr(A]og00).
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The matrix elements can be rewritten in the form
. 1 b 1
L = 5p0uould)) Y = S(Ajlowou). (52)
O

Example. Let us consider the single ququat pseudo-gate L 4. The elements of pseudo-gate
matrix L) are defined by
L) = 3 Tr(o, Acy).
Let us denote
a, = 1 Tr(o, A).
Using

LW = - Tr(a;okA) 58"1 TrA+ %g;km Tr(o, A)
where k,[,m = 1, 2, 3, we get

3 3
La="alw) i+ ar(0) (k| + [K)O]) +iar (13)2] — [2)3])

1=0 k=0
+iax (I 3] = [3)(AD) +iaz(12) (1] — [1)(2)).
The pseudo-gate matrix is

3 3
L) =80 Tr A+ (8u08um + 8umbu0)Tr(0mA) +1 Y 8ubui&rim Tr(omA). (53)
m=1 m=1
Let us consider the properties of the matrix elements Lffof‘ ) and RL’;A%).

Proposition 19. The matrices L,({f " and R,(jaA) are complex 4" x 4" matrices and their
elements are connected by complex conjugation:

. .
(L") = REY. (54)
Proof. Using complex conjugation of the matrix elements (52), we get
1 AT
(LUP)" = (auaam D= 7 (Ajl0u00) = R O

We can write the gate matrix (51) in the form
m N-—1

ZZL(]A) L(IA)) . (55)

Proposition 20. The matrices Lffof‘ ) and R,%AT) of the n-ququat quantum four-valued logic
gate (48) are the elements of Lie group GL(4", C). The set of these matrices is a group.

Proof. The proof is trivial. O

A superoperator £ on H? is called primitive [43] if £ maps the tensor product of single
ququats to the tensor product of single ququats, i.e. if |p;) and |p,) are ququats, then we can
find ququats |p}) and |p}) such that

Elp1 ® p2) = o] ® p)).
The superoperator £ is called imprimitive if £ is not primitive.
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It can be shown that almost every pseudo-gate that operates on two or more ququats is a
universal pseudo-gate.

Proposition 21. The set of all single ququat pseudo-gates and any imprimitive two-ququat
pseudo-gate are universal sets of pseudo-gates.

Proof. This proposition can be proved by analogy with [43, 57, 58]. Let us consider some
points of the proof. Expressed in group theory language, all n-ququat pseudo-gates are
elements of the Lie group GL(4", C). Two-ququat pseudo-gates L are elements of Lie group
GL(16, C). The question of universality is the same as that of what set of superoperators L
is sufficient to generate GL(16, C). The group GL(16, C) has (16)% = 256 independent
one-parameter subgroups GL,, (16, C) of one-parameter pseudo-gates L®(¢) such that
L®)(#) = t|)(v]. Infinitesimal generators of Lie group GL(4", C) are defined by

. d.
H, = <—LW(¢)) (56)
’ dt -0

where u,v = 0,1,...,4" — 1. The generators )21 uv Of _the one-parameter subgroup
GL,, (4", R) are superoperators of the form H,, = [x)(v| on H™ which can be represented
by 4" x 4" matrices H,,, with elements

(H,u,v)otﬂ = Sauaﬂv'
The set of superoperators & uv 18 a basis (Weyl basis [60]) of Lie algebra g/(16, R) such that
[[:]/L\N I:Iozﬁ] = SvozI:Iu,B - S,uﬁi:]va

where i, v,a, 8 =0, 1,...,15. Any element H of the algebra gl (16, C) can be represented
by
15 15
A=30% huwHu
n=0 v=0

where h,,, are complex coefficients.
As a basis of Lie algebra g/(16, C) we can use 256 linearly independent self-adjoint
superoperators

Hyo = o) (et Hyp = o) (Bl +18)(c]
H, = —i(lo)(B] — |B)(@])
where 0 < o < B < 15. The matrices of these generators are Hermitian_ 16 x 16 matrices.
The matrix elements of 256 Hermitian 16 x 16 matrices Hyoo, H,z and H, g, are defined by
(Hozoz)/w = Suaava (H‘;/s)uv = a,uoz(svﬁ + S,uﬁava
(Hap) 1y = — 1Bpadup — 81p8ua)-
For any Hermitian generator A there exists a one-parameter pseudo-gate L (1) which can be
represented in the form L(¢) = expitH such that L)L) =1.

Let us write the main operations which allow us to derive new pseudo-gates L from a set
of pseudo-gates.

1. We introduce general SWAP (twist) pseudo-gate 7"). A new pseudo-gate L") defined
by LEW) = TGW) [ TGW) js obtained directly from L by exchanging two ququats.
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2. Any superoperator L onH® generated by the commutator i(H v H «p] can be obtained
from L, (t) = exp itH,, and L,g(t) = exp it H,p because

expt[H . Haupl = M (Lap (—tn) Ly (60) Lap (60) Ly (=)

where f, = 1/4/n. Thus we can use the commutator i[I:I v H «p] to generate
pseudo-gates.

3. Every transformation L(a, b) = expiH (a, b) of GL(16, C) generated by superoperator
Fl(a, b) = aI-AIW + bﬁlaﬁ, where a and b are complex, can be obtained from ﬁw(t) =
exp itFIW and ﬁa,g (t) = exp itﬂaﬁ by

N . . ay . b\\"
expifl(a,b) = lim <L,w <2) Las (;)) . 0

For other details of the proof, see [43, 57, 58] and [55, 56, 59].

8. Conclusion

In this paper we demonstrate a model of quantum computations with mixed states. The
computations are realized by quantum operations, not necessarily unitary. Mixed states subject
to the general quantum operations could increase efficiency. This increase is connected
with the increasing number of computational basis elements for Hilbert space. A pure
state of n two-level quantum systems is an element of 2"-dimensional functional Hilbert
space. A mixed state of the system is an element of (2")> = 4"-dimensional operator Hilbert
space. The conventional quantum two-valued logic is replaced by quantum four-valued logic.
Therefore the increased efficiency can be formalized in terms of a four-valued logic replacing
the conventional two-valued logic. Unitary gates and quantum operations for a quantum
computer with pure states and two-valued logic can be considered as four-valued logic gates
of amixed state quantum computer. Quantum algorithms [72—74] on a quantum computer with
mixed states are expected to run on a smaller network than with pure state implementation.

In the quantum computer model with pure states, control of quantum unitary gates is
realized by classical parameters of the Hamilton operator. Open and closed quantum systems
can be described by the generalized von Neumann equation [2, 37, 38]:

a X
3,P O = Ap(®) (57)

where A is the Liouville superoperator. For closed quantum systems this superoperator is
defined by Hamiltonian H:

~ 1 . ~
A=——(Ly—R
h(H H)

where Ly and Ry are superoperators defined by Lup = Hp and Ryp = pH.
Quantum unitary gates on pure states are controlled by classical parameters entering the
Hamiltonian H. For open quantum systems with completely positive evolution the Liouville
superoperator A is given by

v~ Ly L — RV/TRV,)

j ;
‘ J

A

I
|
|
~
=
|
=
z
+
|
]
[\®)
~
=
=

where H is a bounded self-adjoint Hamilton operator, { V;} is a sequence of bounded operators
[2,37, 38, 75-79]. Quantum four-valued logic gates on mixed states are controlled by classical
parameters of the Hamiltonian / and the bounded operators V; [21, 38].
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In the paper we consider universality for general quantum four-valued logic gates acting on
mixed states. The matrices of the quantum gates can be considered as elements of some matrix
group but these matrices are completely positive (or positive) elements of this matrix group.
The condition of complete positivity leads to difficult inequalities for matrix elements [65—68].
The completely positive condition for quantum four-valued logic gates can be satisfied by the
Kraus representation (48). To find the universal set of quantum four-valued logic gates we
suggest considering the universal set of superoperators (50) called pseudo-gates. Pseudo-gates
are not necessarily completely positive and the set of pseudo-gates matrices is a group. In the
paper we show that almost any two-ququat pseudo-gate is universal.

In the usual quantum computer model a measurement of the final pure state is described
by projection operators P, = |k)(k|. In the suggested model a measurement of the final mixed
state can be described by projection superoperators [32] described by 75,L = |u) (|, where
|;) are defined by (17) and (18).

A scenario for laboratory realization of quantum computations by quantum operations
with mixed states can be a generalization of the scheme [80]. The quantum gates on mixed
states can be realized by controlled polarization of the laser field. The control of the field
polarization leads to control of the polarization mixed state of the electron. The scheme can
use polarization sensitive optical fluorescence and single photon detection for read-out.
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