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The Liouville equation, first Bogoliubov hierarchy and Vlasov equations with derivatives
of non-integer order are derived. Liouville equation with fractional derivatives is obtained
from the conservation of probability in a fractional volume element. This equation is used
to obtain Bogoliubov hierarchy and fractional kinetic equations with fractional deriva-
tives. Statistical mechanics of fractional generalization of the Hamiltonian systems is
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1. Introduction

Fractional equations1 are equations that contain derivatives of non-integer order.2, 3

The theory of derivatives of non-integer order goes back to Leibniz, Liouville, Rie-

mann, and Letnikov.3 Derivatives and integrals of fractional order have found many

applications in recent studies in mechanics and physics. In a short period of time the

list of applications have become long. For example, it includes chaotic dynamics,4, 5

mechanics of fractal media,6–8 physical kinetics,4, 9–12 plasma physics,13–15 astro-

physics,16 long-range dissipation,17–19 mechanics of non-Hamiltonian systems,20, 21

theory of long-range interaction,22–24 and many others physical topics.

In this paper, we derive Liouville equation with fractional derivatives with re-

spect to coordinates and momenta. To derive the fractional Liouville equation, we

consider the conservation of probability to find a system in the fractional differential

volume element. Using the fractional Liouville equation, we derive the fractional

generalization of the Bogoliubov hierarchy equations. These equations can be used

to derive fractional kinetic equations.4, 9, 10, 12 A linear fractional kinetic equation

for the system of charged particles is suggested.

In Sec. 2, we derive the Liouville equation with fractional derivatives from the

conservation of probability to find a system in the fractional volume element of

the phase space. In Sec. 3, we obtain the first Bogoliubov hierarchy equation with
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fractional derivatives in the phase space from the fractional Liouville equation. In

Sec. 4, the Vlasov equation with fractional derivatives in phase space is considered.

In Sec. 5, a linear fractional kinetic equation for the system of charged particles is

suggested. Finally, a short conclusion is given in Sec. 6.

2. Liouville Equation with Fractional Derivatives

A basic principle of statistical mechanics is the conservation of probability. The

Liouville equation is an expression of this basic principle in a convenient form

for the analysis. In this section, we derive the Liouville equation with fractional

derivatives from the conservation of probability in a fractional volume element.

For the phase space R2n with coordinates (x1, . . . , x2n) = (q1, . . . , qn,

p1, . . . , pn), we consider a fractional differential volume element

dαV = dαx1 · · · dαx2n . (1)

Here, dα is a fractional differential.25 For the function f(x),

dαf(x) =

2n∑
k=1

Dα
xk

f(x)(dxk)α , (2)

where Dα
xk

is a fractional derivative3 of order α with respect to xk. The Caputo

derivative6, 26 is defined by

Dα
xf(x) =

1

Γ(m − α)

∫ x

0

f (m)(z)

(x − z)α+1−m
dz , (3)

where m − 1 < α < m, f (m)(τ) = dmf(τ)/dτm, and Γ(z) is the Euler gamma-

function. For Caputo and Riesz3 fractional derivatives, we have Dα
xk

1 = 0, and

Dxk
xl = 0(k 6= l). Using Eq. (2), we obtain

dαxk = Dα
xk

xk(dxk)α, (α > 0) . (4)

Then

(dxk)α = (Dα
xk

xk)−1dαxk . (5)

For Caputo derivatives,

Dα
xk

xβ
k =

Γ(β + 1)

Γ(β + 1 − α)
xβ−α

k , (β > α) , (6)

we get

(dxk)α = (Dα
xk

xk)−1dαxk = Γ(2 − α)xα−1
k dαxk . (7)

The conservation of probability to find a many-particle system in the phase-

space volume element dαV may be expressed as

−dV
∂ρ(t, x)

∂t
= d[ρ(t, x)(u, dS)] , (8)
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for the usual volume element (α = 1), and

−dαV
∂ρ(t, x)

∂t
= dα[ρ(t, x)(u, dαS)] , (9)

for non-integer α. Here, ρ = ρ(t, x) is the density of probability to find a many-

particle system in the phase-space volume element; u = u(t, x) is the velocity vector

field, dαS is a surface element, and the brackets (, ) is a scalar product of vectors:

u =

2n∑
k=1

ukek, dαS =

2n∑
k=1

dαSkek, (u, dαS) =

2n∑
k=1

ukdαSk , (10)

where ek are the basic vectors of Cartesian coordinate system, and

dαSk = dαx1 · · · dαxk−1d
αxk+1 · · · dαx2n . (11)

The functions uk = uk(t, x) define xk components of the velocity vector field u(t, x),

the rate at which probability density is transported through the area element dαSk.

In the usual case (α = 1), the outflow of probability in the xk direction is defined

by

d[ρuk]dSk = Dxk
[ρuk]dxkdSk = Dxk

[ρuk]dV . (12)

The fractional generalization of Eq. (12) is

dα[ρuk]dαSk = Dα
xk

[ρuk](dx)αdαSk

= (Dα
xk

xk)−1Dα
xk

[ρuk]dαxkdαSk = (Dα
xk

xk)−1Dα
xk

[ρuk]dαV . (13)

Here, we use Eqs. (11), (1) and (5). Substitution of Eq. (13) into Eq. (9) gives

−dαV
∂ρ

∂t
= dαV

2n∑
k=1

(Dα
xk

xk)−1Dα
xk

[ρuk] . (14)

As the result, we obtain

∂ρ

∂t
= −

2n∑
k=1

(Dα
xk

xk)−1Dα
xk

[ρuk] . (15)

For Caputo derivatives,

∂ρ

∂t
= −Γ(2 − α)

2n∑
k=1

xα−1
k Dα

xk
[ρuk] . (16)

Equation (15) is a Liouville equation that contains the derivatives of fractional

order α. Fractional Liouville equation (15) describes the probability conservation

to find a system in the fractional volume element (1) of the phase space.

For the coordinates (x1, . . . , x2n) = (q1, . . . , qn, p1, . . . , pn), Eq. (15) is

∂ρ

∂t
+

n∑
k=1

((Dα
qk

qk)−1Dα
qk

[ρVk ]) +

n∑
k=1

((Dα
pk

pk)−1Dα
pk

[ρFk]) = 0 , (17)
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where Vk = uk, and Fk = uk+n (k = 1, . . . , n). The functions Vk = Vk(t, q, p) are

the components of velocity field, and Fk = Fk(t, q, p) are the components of force

field. In general,

Dα
pk

[ρFk] 6= ρDα
pk

Fk + FkDα
pk

ρ . (18)

Suppose that Fk does not depend on pk, and the kth component Vk of the velocity

field does not depend on kth component qk of coordinates. In this case, Eq. (17)

gives

∂ρ

∂t
+

n∑
k=1

Vk(Dα
qk

qk)−1Dα
qk

ρ +

n∑
k=1

Fk(Dα
pk

pk)−1Dα
pk

ρ = 0 . (19)

If we consider the fractional generalization of Hamiltonian system,21 then Vk and

Fk can be represented as fractional derivatives of some function H(q, p):

Vk = Dα
pk

H(q, p), Fk = −Dα
qk

H(q, p) . (20)

For α = 1, we have the usual Hamiltonian system.

The classical system that is defined by the equations

dqk

dt
= Vk(t, q, p),

dqk

dt
= Fk(t, q, p) (21)

is called a Hamiltonian system, if the right-hand sides of equations (21) satisfy the

Helmholtz conditions

∂Vi

∂pj
− ∂Vj

∂pi
= 0,

∂Vj

∂qi
+

∂Fi

∂pj
= 0,

∂Fi

∂qj
− ∂Fj

∂qi
= 0 . (22)

In this case, Eq. (21) can be presented in the form

dqk

dt
=

∂H

∂pk
,

dpk

dt
= −∂H

∂qk
(23)

that is uniquely defined by the Hamiltonian H . The fractional Hamiltonian systems

are defined in Ref. 20.

For Eq. (20), Eq. (19) is

∂ρ

∂t
+

n∑
k=1

(Dα
qk

qk)−1Dα
pk

HDα
qk

ρ −
n∑

k=1

(Dα
pk

pk)−1Dα
qk

HDα
pk

ρ = 0 . (24)

We can define

{A, B}α =

n∑
k=1

((Dα
qk

qk)−1Dα
qk

ADα
pk

B − (Dα
pk

pk)−1Dα
qk

BDα
pk

A) . (25)

For α = 1, Eq. (25) defines Poisson brackets. Note that the brackets (25) satisfy

the relations

{A, B}α = −{B, A}α, {1, A}α = 0 .
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In general, the Jacoby identity cannot be satisfied. The property {1, A}α = 0 is sat-

isfied only for Caputo and Riesz fractional derivatives (Dα
x 1 = 0). For the Riemann–

Liouville derivative, Dα
x1 6= 0. Using Eq. (25), we get Eq. (24) in the form

∂ρ

∂t
+ {ρ, H}α = 0 . (26)

As the result, we have the Liouville equation for the fractional generalization of

Hamiltonian systems21 that are defined by Eq. (20). For α = 1, Eq. (26) is the

usual Liouville equation for Hamiltonian systems.

3. Bogoliubov Equation with Fractional Derivatives

Let us consider a classical system with a fixed number N of identical particles.

Suppose the kth particle is described by the generalized coordinates qks and gener-

alized momenta pks, where s = 1, . . . , m. We use the notations qk = (qk1, . . . , qkm)

and pk = (pk1, . . . , pkm). The state of this system is described by the N -particle

density of probability ρN in the 2mN -dimensional phase space:

ρN(q,p, t) = ρ(q1,p1, . . . ,qN ,pN , t) .

The fractional Liouville equation is

∂ρN

∂t
= −

N∑
k=1

(Dα
qk

(VkρN ) + Dα
pk

(FkρN )) , (27)

where

Dα
qk

Vk = (Dα
qk

qk)−1Dα
qk

Vk =

m∑
s=1

(Dα
qks

qks)
−1Dα

qks
Vks , (28)

Dα
pk

Fk = (Dα
pk

pk)−1Dα
pk

Fk =

m∑
s=1

(Dα
qks

pks)
−1Dα

pks
Fks . (29)

The one-particle reduced density of probability ρ1 can be defined by

ρ1(q,p, t) = ρ(q1,p1, t) = Î [2, . . . , N ]ρN (q,p, t) , (30)

where Î [2, . . . , N ] is an integration with respect to variables q2, . . . ,qN , p2, . . . ,pN .

Obviously, that one-particle density of probability satisfies the normalization con-

dition

Î [1]ρ1(q,p, t) = 1 . (31)

The Bogoliubov hierarchy equations27–30 describe the evolution of the reduced

density of probability. They can be derived from the Liouville equation. Let us

derive the first Bogoliubov equation with fractional derivatives from the fractional

Liouville equation (27). Differentiation of Eq. (30) with respect to time gives

∂ρ1

∂t
=

∂

∂t
Î [2, . . . , N ]ρN = Î [2, . . . , N ]

∂ρN

∂t
.
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Using Eq. (27), we get

∂ρ1

∂t
= −Î [2, . . . , N ]

N∑
k=1

(Dα
qk

(VkρN ) + Dα
pk

(FkρN)) . (32)

Let us consider the integration over qk and pk for the k-particle term of Eq. (32).

Since the coordinates and momenta are independent variables, we derive

Î [qk]Dα
qk

(VkρN ) = Î [qk](Dα
qk

qk)−1Dα
qk

(VkρN ) ∼ (VkρN )+∞
−∞ = 0 . (33)

For example, the Caputo derivatives give

Î [qk]Dα
qk

(VkρN ) = Γ(2 − α)Î [qk]qα−1
k Dα

qk
(VkρN )

= Γ(α)Γ(2 − α)Îα[qk]Dα
qk

(VkρN ) = Γ(α)Γ(2 − α)(VkρN )+∞
−∞ = 0 , (34)

where Îα[qk ] is a fractional integration with respect to variables qk. In Eq. (33),

we use the fact that the density of probability ρN in the limit qk → ±∞ is equal to

zero. It follows from the normalization condition. If the limit is not equal to zero,

then the integration over the phase space is equal to infinity. Similarly, we obtain

Î [pk]Dα
pk

(FkρN ) ∼ (FkρN )+∞
−∞ = 0 .

Then all terms in Eq. (32) with k = 2, . . . , N are equal to zero. We have only the

term with k = 1. Therefore Eq. (32) has the form

∂ρ1

∂t
= −Î[2, . . . , N ](Dα

q1
(V1ρN ) + Dα

p1
(F1ρN )) . (35)

Since the variable q1 is an independent of q2, . . . ,qN and p2, . . . ,pN , the first

term in Eq. (35) can be written as

Î [2, . . . , N ]Dα
qk

(V1ρN ) = Dα
q1

V1Î [2, . . . , N ]ρN = Dα
q1

(V1ρ1) .

The force F1 acts on the first particle. It is a sum of the internal forces

F1k = F(q1,p1,qk,pk, t) ,

and the external force Fe
1 = Fe(q1,p1, t). In the case of binary interaction, we have

F1 = Fe
1 +

N∑
k=2

F1k . (36)

Using Eq. (36), the second term in Eq. (35) can be rewritten in the form

Î [2, . . . , N ]Dα
p1

(F1ρN ) = Î [2, . . . , N ](Dα
p1

(Fe
1ρN) +

N∑
k=2

Dα
p1

(F1kρN ))

= Dα
p1

(Fe
1ρ1) +

N∑
k=2

Dα
p1

Î [2, . . . , N ](F1kρN ) . (37)

We assume that ρN is invariant under the permutations of identical particles:31

ρN (. . . ,qk,pk, . . . ,ql,pl, . . . , t) = ρN (. . . ,ql,pl, . . . ,qk,pk, . . . , t) .
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In this case, ρN is a symmetric function, and all (N − 1) terms of sum (37) are

identical. Therefore the sum can be replaced by one term with the multiplier (N−1):

N∑
k=2

Î [2, . . . , N ]Dα
p1s

(F1kρN ) = (N − 1)Î [2, . . . , N ]Dα
p1

(F12ρN ) . (38)

Using Î [2, . . . , N ] = Î [2]Î [3, . . . , N ], we rewrite the right-hand side of (38) in the

form

Î [2]Dα
p1

(F12Î [3, . . . , N ]ρN ) = Dα
p1

Î [2](F12ρ2) , (39)

where ρ2 is two-particle density of probability that is defined by the fractional

integration of the N -particle density of probability over all qk and pk, except k =

1, 2:

ρ2 = ρ(q1,p1,q2,p2, t) = Î [3, . . . , N ]ρN (q,p, t) . (40)

Since p1 is independent of q2, p2, we can change the order of the integrations and

the differentiations:

Î [2]Dα
p1

(F12ρ2) = Dα
p1

Î [2]F12ρ2 .

Finally, we obtain

∂ρ1

∂t
+ Dα

q1
(V1ρ1) + Dα

p1
(Fe

1ρ1) = I(ρ2) . (41)

Here, I(ρ2) is defined by

I(ρ2) = −(N − 1)Dα
p1

Î [2]F12ρ2 . (42)

The term I(ρ2) describes a velocity of particle number change in 4m-dimensional

two-particle elementary phase volume. This change is caused by the interactions

between particles.

Equation (41) is the fractional generalization of the first Bogoliubov equation. If

α = 1, then we have the first Bogoliubov equation for non-Hamiltonian systems.36

For Hamiltonian systems,

F1 = −∂H(q1, p1)

∂q1
, V1 =

∂H(q1, p1)

∂p1
, (43)

and Eq. (41) has the well-known form.27–30

4. Vlasov Equation with Fractional Derivatives

Let us consider the particles as statistical independent systems.32, 33 Then

ρ2(q1,p1,q2,p2, t) = ρ1(q1,p1, t)ρ1(q2,p2, t) . (44)

Substitution of Eq. (44) into Eq. (42) gives

I(ρ2) = −Dα
p1

ρ1Î [2]F12ρ1(q2,p2, t) , (45)

where ρ1 = ρ1(q1,p1, t). As the result, the effective force is

Feff(q1,p1, t) = Î [2]F12ρ1(q2,p2, t) .
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In this case, we can rewrite Eq. (45) in the form

I(ρ2) = −Dα
p1

(ρ1F
eff) . (46)

Substituting of Eq. (46) into Eq. (41), we obtain

∂ρ1

∂t
+ Dα

q1
(V1ρ1) + Dα

p1
((Fe

1 + (N − 1)Feff)ρ1) = 0 . (47)

This equation is a closed equation for the one-particle density of probability with

the external force Fe
1 and the effective force Feff . Equation (47) is the fractional

generalization of the Vlasov equation that has coordinate derivatives of non-integer

order. For α = 1, we get the Vlasov equation for the non-Hamiltonian systems that

is described by non-potential fields. For Hamiltonian systems (43), Eq. (47) has the

usual form.32, 33

5. Linear Fractional Kinetic Equation for a System of Charged

Particles

Let us consider fractional kinetic equation (41) with I(ρ2) = 0, V1 = p/m = v,

and Fe = eE, B = 0. In this case, Eq. (41) has the form

∂f

∂t
+ (v,Dα

q
f) + e(E,Dα

p
f) = 0 , (48)

where f = ρ1 is the one-particle density of probability, and

(v,Dα
q
f) =

m∑
s=1

(vs,D
α
qs

f) . (49)

If we take into account the magnetic field (B 6= 0), then we must use the

fractional generalization of Leibnitz rules:

Dα
p
(fg) =

∞∑
r=0

Γ(α + 1)

Γ(r + 1)Γ(α − r + 1)
(Dα−r

p
f)Dr

pg , (50)

where r are integer numbers. In this case, Eq. (48) has the addition term

e

mc
Dα

p
([p,B]f) =

e

mc

∑
klm

Dα
pk

(εklmplBmf) =
e

mc

∑
klm

εklmBmDα
pk

(plf)

=
e

mc

∑
klm

εklmBm

1∑
r=0

Γ(α + 1)

Γ(r + 1)Γ(α − r + 1)
[Dα−i

pk
f ]δklp

r
l

=
e

mc

∑
klm

εklmBm([Dα
pk

f ]pl + α[Dα−1
pk

f ]δkl)

=
e

mc

∑
klm

εklmBmpl[D
α
pk

f ] =
e

mc
((Dα

pk
f), [p,B]) . (51)

Let us consider the perturbation34, 35 of the density of probability f0 in the form

f(t, q, p) = f0 + δf(t, q, p) , (52)
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where f0 is a homogeneous stationary density of probability that satisfies Eq. (48)

for E = 0. Substituting of Eq. (52) into (48), we get for the first perturbation

∂δf

∂t
+ (v,Dα

q
δf) + e(E,Dα

p
f0) = 0 . (53)

Equation (53) is the linear fractional kinetic equation for the first perturbation of

the density of probability. Solutions of fractional linear kinetic equations of type

(53) are considered in Ref. 10. For E = 0, the function δf is described by

(gst)
−1/αLα[qs(gst)

−1/α] , (54)

where gs = vs(D
α
qs

qs)
−1, and

Lα[x] =
1

2π

∫ +∞

−∞

dke−ikxe−|k|α (55)

is the Levy stable density of probability.40

For α = 1, the function (55) gives the Cauchy distribution

L1[x] =
1

π

1

x2 + 1
, (56)

and Eq. (54) is

1

π

(gst)
−1

q2
s (gst)−2 + 1

. (57)

For α = 2, we get the Gauss distribution:

L2[x] =
1

2
√

π
e−x2/4 , (58)

and the function (54) is

(gst)
−1/2 1

2
√

π
e−q2

s
/(4gst) . (59)

For 1 < α ≤ 2, the function Lα[x] can be presented as the expansion

Lα[x] = − 1

πx

∞∑
n=1

(−x)n Γ(1 + n/α)

n!
sin(nπ/2) . (60)

The asymptotic (x → ∞, 1 < α < 2) is given by

Lα[x] ∼ − 1

πx

∞∑
n=1

(−1)nx−nα Γ(1 + nα)

n!
sin(nπ/2) . (61)

As the result, we arrive at the asymptotic of the solution, which exhibits power-like

tails for x → ∞. The tail is the important property for the solutions of fractional

equations.
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6. Conclusion

In this paper, we consider equations with derivatives of non-integer order that can

be used in statistical mechanics and kinetic theory. We derive the Liouville, Bogoli-

ubov and Vlasov equations with fractional derivatives with respect to coordinates

and momenta. To derive the fractional Liouville equation, we consider the conser-

vation of probability to find a system in the fractional differential volume element.

Using the fractional Liouville equation, we obtain the fractional generalization of

the Bogoliubov hierarchy equations. Fractional Bogoliubov equations can be used

to derive fractional kinetic equations.4, 9, 10 The fractional kinetic is related to equa-

tions that have derivatives of non-integer orders. Fractional equations appear in the

description of chaotic dynamics and fractal media. For the fractional linear oscil-

lator, the physical meaning of the derivative of order α < 2 is dissipation. Note

that fractional derivatives with respect to coordinates can be connected with the

long-range power-law interaction of the systems.22–24
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