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In this paper, new lattice model for the gradient elasticity is suggested. This lattice model
gives a microstructural basis for second-order strain-gradient elasticity of continuum that
is described by the linear elastic constitutive relation with the negative sign in front of the
gradient. Moreover, the suggested lattice model allows us to have a unified description
of gradient models with positive and negative signs of the strain gradient terms. Possible
generalizations of this model for the high-order gradient elasticity and three-dimensional
case are also suggested.
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1. Introduction

The two most widely used theories of elastic deformation in solid materials are
a microscopic approach based on the statistical mechanics of lattices’® and the
quantum theory of solid-states,* and a macroscopic approach based on the clas-
sical continuum mechanics.>% Continuum elasticity is a phenomenological theory
representing continuum limit of lattice dynamics, where the length-scales are much
larger than inter-atomic distances. Nonlocal elasticity theory is based on the as-
sumption that the forces between material points can be at long-range in character,
thus reflecting the long-range character of interatomic and intermolecular forces. In
general, the nonlocal continuum models describe materials whose behavior at any
point depends on the states of all other points in the media, in addition to its own
state and the state of external fields. Such considerations are well-known in solid-
state physics, where the nonlocal interactions between the atoms and molecules are
prevalent in determining the properties of the media and materials.

The theory of nonlocal continuum mechanics was formally initiated by
Refs. 7-9. Kroner” indicated the relation between nonlocal elasticity theory of

1450054-1


http://dx.doi.org/10.1142/S0217984914500547
mailto:tarasov@theory.sinp.msu.ru

V. E. Tarasov

materials with long range cohesive forces. Eringen and Edelen® provided deriva-
tion of the constitutive equations for the nonlocal elasticity. Eringen and Kim!°
described a relation between nonlocal elasticity and lattice dynamics. Kunin de-
scribed the physical aspects of nonlocal elasticity in Ref. 11, and studied various
problems in Fourier space. In Ref. 12, Eringen considered a unified approach to field
theories for elastic solids, viscous fluids, and heat-conducting electromagnetic solids
and fluids that include nonlocal effects. Rogula'? considered the mathematical as-
pects of nonlocal elasticity models, proposed different types of nonlocal constitutive
relations between stress and strain, and applied it to various problems in contin-
uum mechanics. Nonlocal continuum mechanics has been treated with two different
approaches:'*!4 the gradient elasticity theory (weak nonlocality) and the integral
nonlocal theory (strong nonlocality). In this paper, we discuss the gradient models
of nonlocality elasticity. Usually two classes of gradient models are distinguished
by the different signs of the strain gradient terms in the constitutive relations for
the strain €;; and the stress o;;:

055 = ()\ekkéij + 2/16@') + ZQA(/\akk(Sij + 2U5ij) R (1)

where A and j are the Lame coefficients, [ is the scale parameter. If [2 = 0, we have
the classical case of the linear elastic constitutive relations for isotropic case that
is the well-known Hooke’s law.

The first class of gradient elasticity models are described by Eq. (1) with the pos-
itive sign in front of gradient. The main motivation to use this form of the gradient
elasticity is the description of dispersive wave propagation through heterogeneous
media. In many studies, gradient elasticity models with the positive sign in (1) have
been derived from associated lattice models by the continualization procedure for
the response of a lattice.'6 18

The second class of gradient elasticity models are described by Eq. (1) with
the negative sign in front of the gradient. The strain gradients in Eq. (1) with the
negative sign are equivalent to those derived from the positive-definite deformation
energy density, and therefore these models of the strain gradients are stable.

The positive sign of the strain gradient term in Eq. (1) makes this term desta-
bilizing. The corresponding equation for the displacements is unstable for wave
numbers!>1%19:20 > 1 /12 In dynamics the instabilities lead to an unbounded
growth of the response in time without external work. It is known the instabilities
are related to loss of uniqueness in static boundary value problems. Instabilities
in statics and dynamics for the second-gradient models with the positive sign are
discussed in Ref. 21.

At this moment there is the opinion that gradient elasticity models with the
negative sign in Eq. (1) cannot be obtained from lattice models.!* Tt is usually
assumed that this class of the second-gradient models does not have a direct rela-
tionship with discrete microstructure and lattice models.!® It was proved that the
homogenization (continualization) procedure, which is considered in Refs. 16-19
and 22, uniquely leads to a second-order strain gradient term that is preceded by a
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positive sign. The second-gradient model with negative sign cannot be derived by
this homogenization procedure. From a mathematical point of view it is caused by
properties of the Taylor series that is used in this procedure.

In this paper, we propose lattice models, that allow us to derive linear elastic
constitutive relations with negative and positive signs. Moreover, the suggested
lattice models give unified description of the gradient models with positive and
negative signs of the strain gradient terms. To obtain continuum equation from the
lattice equations, we use an approach that is suggested in Refs. 24-27.

2. Equations of Lattice Model

Let us consider the vibration of an unbounded homogeneous lattice, such that all
particles are displaced from its equilibrium position in one direction, and the dis-
placement of particle is described by a scalar field. We consider one-dimensional
lattice system of interacting particles, where the equation of motion of nth
particle is

d2un (1) = =

M Ta =92 Z Ko (n,m)um,(t) + g4 Z Ky(n,m)um(t) + F(un(t)), (2)
T Tmn

where u,,(t) are displacements from the equilibrium, g> and g4 are coupling con-
stants, F'(u,,) is the external on-site force, Ks(n,m) and K4 (n, m) are the functions
with different power-law asymptotic behavior of the functions

K. (k) =2 K(n,0)cos(kn), (s=2;4) (3)

for k — 0. We will consider interactions terms for which the difference K (k)— K, (0)
are asymptotically equivalent to |k|® as |k| — 0. Note some general properties of
Ky(n,m), with s = 2;4. The conservation law of the total momentum in lattice (2),
in case of absence of external forces F(u,) = 0 gives

+oo too
Z Ks(n,m) =0, Z Ky(n,m) =0, (4)

m=—o0 m=—o0
m#n m#n

for all n. For the homogeneous unbounded lattice, we have
KQ(n7m) :KQ(n_m)a K4(nvm) :K4(n_m)7
where elements of K4(n,m) are constrained by condition (4), and

ZKS(n—m):ZKS(n—m)ZO. (5)
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k‘iff keff k’iff

Fig. 1. Discrete mass—spring system with effective stiffness coefficients kgﬂ = kgff (92,94) and
kfiff = kiﬂ(gg,g4), the mass M and the distance a that correspond to the lattice model with
coupling constants g2 and g4.

For a simple case, each particle is an inversion center and Ky(n—m) = Ks(|Jn—m|),
where s = 2; 4. Using condition (4), we can rewrite Eq. (2) as

dzu” +oo +oo
e 92 Z Ka(In—m|)(up —um)+9g4 Z Ka(ln—m|)(un—um)+F(uy) .
T T

(6)
In this form of equation of motion, the interaction terms are translation invariant.
It should be noted that the noninvariant terms lead to divergences in the continuum
models.?”

Let us give an effective discrete mass—spring system for the suggested lattice
model (6). In Fig. 1, we present the nearest-neighbor and next-nearest-neighbor
interactions only. In general, functions Ka(|Jn —m|) and K4(|n —m|) describe long-
range interactions with the power-law asymptotic (3).

3. From Lattice Model to Continuum Model

Let us consider a set of operations?42°27 that transforms the equations of motion
of the lattice model into a continuum equation for the displacement field u(zx,t).
We assume that u,,(¢) are Fourier coefficients of the field a(k,t) on [—Ko/2, Ko/2]
that is described by the equations:

+oo
a(k,t) = Z U (t)e ™ Fn = Fafun(t)}, (7)
+Ko/2 )
U, (t) = Kio /7 s dka(k, t)e™ = Fxa(k,t)}, (8)

where x,, = na and a = 27/K| are distance between equilibrium positions of the
lattice particles. Equations (7) and (8) are the basis for the Fourier transform Fa
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and the inverse Fourier series transform ]-";1. The Fourier transform can be derived
from (7) and (8) in the limit as a — 0 (K¢ — 00). In this limit (¢« — 0 or K¢ — 00),
the sum becomes the integral, and Egs. (7) and (8) become

+oo
a(k,t) = 1 dre”*®y(z,t) = Flu(z,t)}, 9)
u(z,t) = % /%o dke™a(k,t) = F Ha(k,t)}. (10)

Here we use the lattice function
2
up(t) = Eu(xn,t)
with continuous u(z,t), where
2mn .
Ty, =NG=— — T

We assume that a(k,t) = La(k,t), where £ denotes the passage to the limit ¢ — 0
(Ko — 00), i.e. the function a(k,t) can be derived from a(k,t) in the limit a — 0.
Note that @(k,t) is a Fourier transform of the field u(z,t). The function u(k,t) is a
Fourier series transform of w,,(t), where we can use u,(t) = (27/Ko)u(na,t).

We can state that a lattice model transforms into a continuum model by the
combination F~1LFA of the following operation. The Fourier series transform:

Fa : up(t) = Faf{un(t)} = a(k,t). (11)
The passage to the limit a — 0:
L a(k,t) — L{u(k,t)} = a(k,t). (12)
The inverse Fourier transform:
Fhoak,t) — F Halk, t)} = u(x,t). (13)
1.24,25,27

These operations allow us to get a continuum model from the lattice mode

4. Lattice Model with Nearest-Neighbor Interaction

Let us derive the usual elastic equation from the lattice model with the nearest-
neighbor interaction with coupling constant go = K by the method suggested in
Refs. 24, 25 and 27. We will use Eq. (2) with

“+o0
Z Ko(n, m)um,(t) = tpt1(t) — 2un(t) + up—1(t), Ka(n,m) =0, (14)

m=—o0
m#n

where the term Ko(n, m) describes the nearest-neighbor interaction.

We can give the following statement regarding the lattice model with the
nearest-neighbor interaction and the corresponding continuum equation that is
obtained in the limit a — 0.
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Proposition 1. In the continuous limit (a — 0), the lattice equations of motion
d?u., (t)
dt?

are transformed by the combination F~1LFA of the operations (11)—(13) into the
continuum equation:

M = K- (unt1(t) = 2un(t) + un—1(t)) + F(un(t)) (15)

OPu(x,t)  ,0%u(x,t) 1
or G T 1)

where C% = E/p = Ka*/M is a finite parameter and f(u) = F(u)/(Aa).

Proof. To derive the equation for the field a(k,t), we multiply Eq. (15) by
exp(—ikna), and summing over n from —oo to +00. Then

+oo 2 +oo +oo
—1 nad Un —tkna —tkna
M Z etk W:K- Z etk (Un+1 — 2Up +Up—1) + Z e~k F(uy,) .

(17)
The first term on the right-hand side of (17) is

+00 +oo
K - Z e*ik”“Kg(n,m)un =K- Z e’i’m“(unﬂ — 2Uy, + Up—1)

n—=—oo n—=——oo

+oo +oo
— K- E efzk:ndunJrl —_ 9K - E efzkndun

n=—oo n=—oo

+oo
1 K- E e—zknaun_l

n=—oo

“+o0 “+o0
— eikaK . Z e—zkmaum _9K . Z e—zknaun

m=—0o0 n—=—oo

—+oo
+ efide . § efilcjauj .

j=—00

Using the definition of 4(k,t), we obtain

“+o0
K- Z e R K (n,m)uy, = K - (% a(k, t) — 2a(k, t) + e~ Fa(k, t))

= K - (e®* 4 emF _2)q(k,t)
= 2K - (cos(ka) — 1)a(k,t)

ka

— 4K -sin? (7) a(k,t). (18)
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Substitution of (18) into (17) gives

2,& a
P80 ks (I%) (k) + Fa{F(un(1))}. (19)

For a — 0, the asymptotic behavior of the sine is sin(ka/2) = ka/2 + O((ka)?),
then

~4sin? (’“2_“> — —(ka)? + O((ka)").

Using the finite parameter C? = Ka?/M, the transition to the limit a — 0 in
Eq. (19) gives

O*u(k,t) 4o 1
oz - —CZk*u(k,t) + M}"{F(u)} , (20)
where
M _ Ka 2 E _ Ka
p_Aa’ E_A7 Ce_p_M' (21)

The inverse Fourier transform F~! of (20) has the form

O*F Hak, t)} 12 1
g = ~C2F YK a(k,t)} + ;f(u),

where f(u) = F(u)/(Aa) is the force density. Then we can use F~{a(k,t)} =
t(x,t), and the connection between derivatives and its Fourier transform:
F-YE?u(k,t)} = 0*u(x,t)/02%. As a result, we obtain the continuum equation
(16). This ends the proof. m|

As a result, we prove that the lattice equations (15) in the limit a — 0 give the
continuum equation with derivatives of second order only. This conclusion agrees
with the results of Ref. 23, where the relation

expi (—z’a(,%) u(z,t) = u(x + a,t)

and the representation of (15) by pseudo-differential equation are used.

5. From General Lattice Model to Gradient Elasticity Model

Let us consider the lattice model that is described by (2), where the terms K (n,m)
with s = 2 and s = 4 satisfy the conditions

Ks(n,m) = Ks(|n —m|), Z |Ks(n (22)

To describe gradient elasticity models, we consider the inter-particle interactions,
that are described by Ks(n) (s = 2 or s = 4) of the following special type. We
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assume that the function

Z e K, (n) =2 Z Ks(n)cos(kn), (23)

e
satisfies the condition
fim B () — KO _ (24)
k—0 k|
where 0 < |A;| < oco. Condition (24) means that
f{s(k) _KS(O) :As|k|S+Rs(k)7 (25)

for k — 0, where limy_,o Rs(k)/|k|® = 0. This also means that we can consider arbi-
trary functions K(|n —m)|) for which K, (k) — K,(0) are asymptotically equivalent
to |k|* as |k] — 0.

As an example of the interaction terms K(|n — m|), which give the continuum
equations of gradient elasticity models, we consider the function

2l'(s/24+ 1+ |n—m|) (s/2+1—|n—m|)’
We use 2 in the denominator to cancel with 2 from Eq. (23). The terms K,(|n—m|)

are considered for n # m, i.e. [n —m| # 0. For s = 2j, we have K,(|n —m|) = 0 for
all [n —m| > j + 1. The function K4 (n —m) with even value of s = 2j describes

Ky(jn —ml) =

(26)

an interaction of the n-particle with 2j particles with numbers n+1,...,n+j. To
represent properties of (26), we can consider the function
Re[(-1)/]
x,y) = Re|[K,(x)] = 27
Jelo =Rl g v etz 1=ty 7
of two continuous variables z and y > 0. Note that Re[(—1)*] = (=1)/*l for

integer © = n — m. The plots of the function (27) are presented by Figs. 2 and
3 for different ranges of z and y. This function decays rapidly with growth = and
y. The function (27) defines the interaction terms K (|n — m|) by the equation
Ki(In—ml) = fk(ln —m],s). )

Using an inverse relation to (23) with K4(k) = |k|® that has the form

1 s
Ky(n)=— k® cos(nk)dk ,
T Jo

we get another example of K¢(|n —m|) in the form

s s+1 1 s+3 72(n—m)?
s+1, 2\ 2 "2 2 4 ’
where 1F» is the Gauss hypergeometric function (see Chapter IT in Ref. 40). Note
that the interactions with (28) for s = 2 and s = 4 are long-range interactions of

n-particle with all other particles (m € N). It is easy to see that expression (28) is
more complicated than (26).

K, (|n —m|) =

(28)
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Fig. 2. Plot of the function (27) for the range = € [0,4] and y € [0, 6].
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Fig. 3. Plot of the function (27) for the range = € [2,4] and y € [1, 3].
For s = 2, we can also use the long-range interactions in the following two forms

(=1 1

Ks(|n —m|) = n—m) Ka(|n —m|) =

(a >3). (29)

[n —m|*’

A main advantage of the interaction in the forms (26) and (28) is a possibility
to use for other generalizations for the case of the high-order gradient elasticity
by using arbitrary integer values of s and the fractional generalization of gradient
elasticity by non-integer values of s.
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Proposition 2. The lattice equations

d2un “+o0o “+o00
MW =92 Z Ka(In—m|)[un—um]+ga Z Ky(In—m|)[tn —um]+ F(un),
Tmn Tmdn

(30)
where g2 and g4 are coupling constants, Ko(In —m|) and K4(|n —m|) are defined
by (26), u, = u,(t), are transformed by the combination F 1 LFa of the operations
(11)-(13) into the continuum equation:

9%u z,t 0%u x,t 0ty z,t 1

where

g0 . _ gad
T Ty V]
are finite parameters, p = M/(Aa) is the mass density and f(u) = F(u)/(Aa) is
the force density.

Gy =

(32)

Proof. To derive the equation for the field a(k,t), we multiply Eq. (30) by
exp(—ikna), and summing over n from —oo to +00. Then

M Z —zknaﬁun Z Z Z e—zkna |’/l _ m|)[ _ Um]

n=—oo n=—o0 m=—oo s=2;4
m#n
—+oo
+ ) e (uy). (33)

The left-hand side of (33) gives

“+o00 2 2 +oo 2~
e Pun(t) O » o%u(k, t)
ikna _ ikna _
n:Z_ ‘ o2 o2 nzz_me un(?) o2’ (34)

where @(k,t) is defined by (7). The second term of the right-hand side of Eq. (33)
is 27 emi*nap(y,) = Fa{F(un)}. The first term on the right-hand side of

n=—o0
(33) is
OO OO
Z Z e R (In — m|)[un — tm) = Z Z e K (In — m)|)up
n=—o0 m=-—oo n=—00 m=—o0

f Z e*lk"“K (In —m|)um,
T
(35)
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Using (7) and (22), the first term on the right-hand side of (35) gives

“+o0 —+o0
Z Z e R (In—m)|)u Z e~ thnay, Z Ko(m') = a(k,t)K,(0),
n=-—oo mT;;;o n=-—00 m,’;i;;o
(36)
where
A +oo .
Ki(ka)= > e ™K (n)=Fa{Kin)}. (37)
Yo
The second term on the right-hand side of (35) gives
—+o00 “+o0 . “+o0
Z Z e R (In — m|)uy, = Z e P (In — m)) Z U,
n=—oo m”;;;o nn:7;zo m=—oo
_ Z e—zkn aK Z ume—zkma
e r
As a result, Eq. (33) has the form
o%u(k,t . . R
MBS (Rof0) - Ralkapath,§) + FalFGu)}, (39

s=2;4

where Fa{F(u,)} is an operator notation for the Fourier series transform of F'(uy,).
Using the series (see Sec. 5.4.8.12 in Ref. 28) of the form

f: =" cos(nk) = &Sm?v EY__ 1
~T(v+1+n)l(v+1-n) CT(2v+1) 2 2I2(v + 1)’

where v > —1/2 and 0 < k < 27, we get for the function (23) of the form (26) the
equation

R (ak) — K,(0) = % sin® (%) - WZDW'S L0, (40)

Here we use v = s5/2 and sin(k/2) = k/2 + O(k3). Note that 2 in the denominator
of (26) cancels with 2 from Eq. (23) in front of the sum from zero to infinity. The
limit £ — 0 gives

K (k
li . . = 41
B0 BE MW(s+1) (41)

and we have A; = 1/(2T'(s + 1)).
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The Fourier series transform Fa of (30) gives (39). We will be interested in the
limit @ — 0. Using (40), Eq. (39) can be written as

02 1
)= 2T ARy, 1) - LTy (R, 1)~ Fa (1)} =0, (42
where
T _ 1 s 2 s+2
Toah) = ~ g5 M+ 2OUK2). (43)
In the limit @ — 0, using
R R 1 .
ﬂ(k):ﬁﬁ,A(k)Z—m|k| (s =2;4), (44)
we get
N N 1 N N 1
Ta(k) = LT2,a(k) = _Z|k|2’ Ta(k) = LTya(k) = —@|k|4~ (45)

The passage to the limit ¢ — 0 for the third term of (42) gives FaAF(u,) —
LFAF (uy). Then

LFAF (un)} = FALE (un)} = F{F(Lun)} = F{F(u(z,1))}, (46)

where we use LFa = FL.
As a result, Eq. (42) in the limit a — 0 gives
2

Salk,t) - %@%ﬂ%ﬂ—@ﬁ%ﬁ%ﬂ—%fﬁ@@ﬂﬂ:m (47)

where @(k,t) = La(k,t), and we use finite parameters Go and Gy, that are defined
by (32).
The inverse Fourier transform of (47) is
2

0 1
wu(x,t) — GoTa(x)u(z,t) — GaTa(z)u(x, t) — ;f(u(x,t)) =0, (48)

where the finite parameters Gy and G4 are defined by (32). Using (48) the operators
To(x) and T4(x) are defined by
1ea 82 1ea 84
Ta(z) =FH{T2(k)} = +55, Tale) =F {Talk)} = —5 7 (49)

Here, we have used the connection between the derivatives of the second and
fourth orders and their Fourier transforms k? « —92/0x? and k* < +0*/0z%,
and Eq. (45).

As a result, we obtain the continuum equation (31). This ends the proof. |

Proposition 2 illustrates the close relation between the discrete microstructure
and the gradient nonlocal continuum. Let us consider special cases of the suggested
model.

Lattice equations (30) have two parameters g2 and g4. The corresponding
Eq. (31) for the elastic continuum has two finite parameters G2 and Gy. If we

1450054-12
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use go = 4K and g4 = 0, then Gy = C? = Ka?/M, G4 = 0, and we get Eq. (16). If
we assume that go = 4K and g4 = —4K, then Gy = C? = Ka?/M, G4 = C?a? /48
and we get the equation

OPu(x,t) ,0%u(x,t)  a®CZ0%(x,t) 1

=C - , 50
ot? ¢ Ox? + 12 ozt * pf(u) (50)
where C. = /E/p is the elastic bar velocity. Equation (50) can also be derived by

the homogenization procedure.'6 18

In general, the coupling constants g2 and g4 are independent. Therefore, the
coupling constant g4 may differ from the constant go = 4K. If the relation of stress
and displacement of the form e(x,t) = Ou(x,t)/0x is used, and the continuum
equation (31) is expresses as

O*u(x,t)  Oo(x,t)

where p = M/(Aa), then the constitutive relation can be represented by
2 52
g2 gaa” 0%e
—p( 2, N ve 1
7 (41{5 18K ax2> ’ (51)

where we use F = Ka/A. Therefore, using the correspondence principle, we will
assume go = 4K . The second-gradient parameter [ is defined by the relation

_ |94|a2
48K’

where the sign in front of the factor {2 in the constitutive relation is determined by

12

(52)

the sign of the coupling constant g4. If the constant g4 is positive then we get the
second-gradient model with negative sign. As a result the second-gradient model
with positive and negative signs

82
o=FE <5 - sgn(g4)128—x§) (53)

can be derived from a microstructure of lattice particles by suggested approach.
The proposed model as shown above uniquely leads to second-order strain gradient
terms that are preceded by the positive and negative signs. It should be noted
that positive value of coupling constant g4 of lattice model can lead to effective
stiffness coefficient of the next-nearest-neighbor interaction with non-convex elastic
energy potentials in the effective discrete mass—spring system. The strain gradients
in continuum equation with the negative sign are equivalent to those derived from
the positive-definite deformation energy density, and therefore these continuum
models are stable. The lattice models with negative value of coupling constant g,
of lattice model leads to the continuum equation with the positive sign in front of
the parameter [2. This continuum equation is unstable for wave numbers k > 1/12
The instability leads to an unbounded growth of the response in time without
external work.
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6. Possible Extensions of General Lattice Model

The suggested lattice model can be generalized and extended for the high-order
gradient elasticity and for three-dimensional lattice models. Let us give some details
about these generalizations.

We can consider a generalization of the suggested lattice model by using the sum
of the functions (26) with the even value s. Using the functions (26) with s = 6
and other even values, we can consider the lattice models for high-order gradient
elasticity.'®?2:29 We can state that the lattice equations

“+o00
yLenll) Zgzj S Kajlln— m)(un®) — un®) + Flun),  (54)
o

where go; (j =1,...,N) are coupling constants, and Ky;(|n — m|) are defined by
(26), are transformed by the combination F~'LFA of the operations (11)-(13) into
the continuum equation

N |
M+Z(—1)jG2j% - %f(u) =0, (55)
j=1

where Ga; = go;a% /(2'(2j + 1)), (j = 1,...,N) are finite parameters. The proof
of this statement is similar to the proof of Proposition 2.

The suggested one-dimensional lattice model for second-gradient elasticity can
also be generalized for the three-dimensional case. We may consider a three-
dimensional lattice that is described by the equation

2,k
ddt2n: Z K¥(n—m)(u,—ul, Z Kk m) (vl —ul )+ F*(ug), (56)

m:m¥#n m:m¥#n

where n = (n1,n9,n3), k,l = 1,2,3 and we assume a sum over repeated index
I = 1,2,3. In the model (56), the coupling constants are included in the tensors
K*(n —m) = K¥(m — n) that are distinguished by different power-law asymp-
totic behavior. We assume that the functions K* (k) — K*(0) are asymptotically
equivalent to k;k; and k;k;|k|? for s = 2 and s = 4 respectively, where

K'(k) =) e ™K (n)

To get continuum equation, we consider the field uy(t) as Fourier coefficients of the
function u(k,t), where k = (k1, k2, k3), by

= ub(t)e
n

where r(n) = r, = Zle n;a;, with the translational vectors a; of the lattice. In
three-dimensional lattice model for second-gradient elasticity, we should consider
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interaction terms K*'(n — m) that satisfy the conditions

K}'(k) — K§'(0)

i — Akl
ki}éﬁgo kzkj a A” (2) ’
) ) (57)
Ki'(k) — K'(0) -
= Akl(4 =1,2,3
ki,k]’l,r‘ﬁ‘—)() klkj|k|2 ’L_]( )? (Z7j bt )?

where Af{(s) are the coupling constants. In the continuous limit (|a;| — 0), the
three-dimensional lattice (56) gives the continuum equations in the form

0%uk (r,t) 0%ul(r,t) 0*ul(r, ) 1

ot? _G%@) 0z;0x; le( )— ol ) =0, @)

0x;0x;0T, 0T,  p

where we assume a sum over repeated indices 7, j, [, m € {1,2,3}, and
Iazlla | |ailla; ||am|*
Gi(2) = =R AN(2), G4 Z — AT (4), (59)

where no summation over repeated indices. We can consider the case with fo 4) =
ZQGZ@ (2), where fo (2) = Cigji can be considered as a stiffness tensor and [? is the
scale parameter. For the isotropic case, we have C; i = A0 + (0051 + 0i10j%).
In general, Eq. (58) describes anisotropic gradient continuum. A more detailed
description of the three-dimensional lattice model (56) will be made in the following
article.

7. Conclusion

In this paper, lattice models for strain-gradient elasticity of continuum are sug-
gested. The first advantage of the suggested lattice models is a possibility to consider
these models as a microstructural basis of unified description of gradient models
with positive and negative signs of the strain gradient terms. A second advantage of
the proposed model is that it can be easily generalized to the case of the high-order
gradient elasticity by using the other even values of s. Using (26) with positive
integer s = 2j, we have nonlocal interaction of the lattice particle that gives the
derivatives of integer order 2j in the continuum equation. Three-dimensional lattice
models and the correspondent continuum equation can also be formulated as (56)
and (58). The third advantage of the proposed form of the interaction is that the
lattice equations can be used not only for the integer but also for fractional values
of the parameter s. Therefore, the suggested general lattice model can be extended
on the fractional nonlocal case. The suggested types (26) and (28) of inter-particle
interactions in the lattice can be used for non-integer s. If we consider interaction
terms defined by (26) and (28) with non-integer s = «, then we will get continuum
equations with the Riesz fractional derivatives*! of orders s = o by the methods
suggested in Refs. 24 and 25. The lattice models with long-range interactions of
the types (26) and (28) with non-integer s = «, can serve as microscopic models
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for elastic continuum with power-law nonlocality. It allows us to derive fractional
generalizations of gradient elasticity by using a microscopic approach.3%:31 We also
assume that the suggested lattice model can be generalized to get discrete (lattice)
models for dislocations in the gradient elasticity continuum,??3° and then it will
be possible to extend them to the fractional nonlocal case. The suggested lattice
models with long-range interactions, which are suggested for the gradient elastic-
ity continuum, can be important to describe the nonlocal elasticity of materials at
micro and nano scales,*24°
are prevalent in determining the properties of these materials.

where the interatomic and intermolecular interactions
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