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Paccua'rpxnam'rcn opaBHJAa BeANeBCKOro KB&HTOB&HEI, noaaoaulomne no.quaﬂ. KBaHTOBbIC
aHAAOTH ypgnneunn ABHKCHAS }l-ll!l IIIIIPOKO’I‘O Kiaacca mmmqecm CHCTCM C lﬂm QISOBHM i

\ - POCTPAHCTBOM.

[TycTs cHCTeMa HMeeT n cTeneHeil CBOGOAH, a2 ee
(asoBoe NPOCTPAHCTBO ABAAETCHA BEILECTBEHHHLIM JIH-
HEefiHBIM NPOCTPAHCTBOM C Pa3MEPHOCTLIO 2.. Ha6io-

RaeMbIMH ABALIOTCS QYHKUMK A(g,p), rae ¢,p€ R".

OGLIYHO NOJ KBAHTOBAHHEM NOHHMAIOT ennﬂylo npoue-
aypy [l, 2], kotopas kaXkneii Kjaaccuueckoi HaGJio-
HaeMoO#, T.e. BemlecTBeHHOH ¢yHKkuuH A(g,p), cTa-

BHT B COOTBETCTBHE KBaHTOBYIO Haﬁmonaeuylo, T.e..

camoconpsikenHui oneparop A(§,p). Cama pyHKuus
A(g,p) HasbiBaeTcs B 3TOM CJIyyae CHMBOJIOM ‘onepa-
Topa A(§,p).

ITprMeM, 4TO 3BOJIOUMS KAACCHUECKOH CHCTEMH Ha
nockoM (azopoM npocTpaHctBe R2"  onuchiBaeTcs
_nmb(pepeuuuanbﬂum ypaBHeHHeM

A(q,p) ﬁ(q,p. aa ; ) (q,p), (1)

roe A(q, p) - manxaﬂ—-ebyaxuun. onpeae/ieHHasi Ha
npocTpaHcTBe R2Z" M ONMCHBAKOWAs KJACCHUECKYIO
nabJiogaemyo, a L (q, p;g‘;,%) — JMHeHHHIH AHG-
_ (epeHuHanbHHI OMEPaTOpP Ha NPOCTPAHCTBE FIaJ-
KX QyHKunid. [las nosyueHHs! ypaBHeHHH SBOMIOLMH
 KBBHTOBBIX. CHCTEM HajG 3amath Npasuia, NO3BOAS-

oIyUe KBaHTOBATb KJACCHYECKHE YPaBHEHH:A ABH)Ke-i

uusi (1) coorBeTcTBYIOIWMX AH(epeHUHaNbHEX ofe-
patopos. YacTo npH 3aianuM 3THX NPaBHJ CTPEMSTCS
3anucaTh YPaBHEHHs I BHXKEHHS B raMHJ/IbTOHOBOH op-
me [3-6], T.e. uepes cko6ky IlyaccoHa ¢ HexoTOpO#
dynkumeii [amunprona. Onuako B obuieM cayyae 3a-
TPYAHHTE/IbHO ONPENeJHTb, CYIECTBYeT JH (pyuxunﬂ
[amunbTOHA, $BAAETCA JH OHA ENMHCTBEHHOH, ecJH
OHA CyIIeCTBYeT, M HAliTH ee sSiBHHA BUA, eC/M OHA
-cyuwiecTByeT - emMHcTBeHHa [7]. [loatomy kBaHTO-
BaHHE KJACCHYECKHX AWHAMHYECKHX CHCTEM OO6UIero
. BHAA, HCXOAsilee H3 YpaBHEHHWil ABHXKeHH,
ynoGHo. B Hacrosmedi- cTaThe npemsaraloTcs npabuaa
Beii/IeBCKOrO KBaHTOBAHMA YPaBHEHHI 9BOMIOLMH Kaac-
CHUYECKHX [MHAMHYECKHX CHCTEM C MJIOCKHM (a3oBIM
NPOCTPaHCTBOM. -

1. JIueBo-it0paaHOBEI a.ureﬁpm

[TycTb MHOXECTBO HaGJIONaeMbIX 06pasyeT JHHe- |

HOe MpPOCTPAaHCTBO Mg Haj TNOJEM BelleCTBEHHbIX

‘(AoB)'oC —Ao (BoC)

Goaee

3

ynceqr R. Onpepennm s HabaionaeMbix M3 Mg
ABe. GUaMHEHHHE Onepaudd yYMHOXeHHs, 0603Hauae-
Mbie CHMBOJIAMH - H O W YAOBJIETBOPSIOLIME YCJOBHAM:

1) <My, > — aare6pa Jlu:

A-B = ~B-A, ‘(A-B)-C+(B-C)-A+(C-A)-B= 0;

'9) < Mp,0> — cneunasibhas aare6pa Hopnana:

AoB=DBoA, ((AOA)OB)OA;(AbA)O(p°A); |

3) BHNOMHAOTCA TOXAECTBO AHPepeHuHpoBanys
fiopnaHoBoii ajare6pbl K TOXKAECTBO CBA3H aCCOLMATO-
pos: .

A (BoC) (A B)oC+Bo(A C),

((A .B)-C—A. (B-0)).

"B 3TOM caiyuae roBoOpsT, YTO ONpenesieHa JiHeBo-Hop-

nanosa aareGpa [8, 9]. Bynem takxke. noaarath, uto
B My cywectByer enunuua I Ttakas, uto Aol =A
u A-I=0. O6o3nauum uyepes M cBoGOAHYIO NHe-
BO-HOPAAHOBY a.nreépy Hajl MoJieM BelecTBEHHbIX YH-
cen R ¢ epanmueit I u odpasylomnml g& u p*, e
k= L,..,mH"

¢-d=0, p*p=0. (2)

Jas x.naccmecxux'Hadmon'aemux’A(q', p) ¥ B(q,p)

' 'pl’=45kl'I1

' 3TH Oflepalik MOXHO ONpeesiuTh yepes ckoOkH [lyac-
COHa B R2ﬂ ¥ 06HYHOe yMHOXKeHHe QyHKUMIL:

A(g,9) - B(¢,) = {A(g,p), B(2,p)},

o 4 (3)
A(g,p) o B(q,p) = A(4,P)B(4, p)-

Ins  XBaHTOBHX  HaGMONaeMbIX A= A(4,p) H

B= B(§,p) onepailui aHeBa H HOPIAHOBA YMHOXEHHH
-OnpenensiioTcs B BHIE KOMMYTaTopa H amnxoumyra-

TOpa:

»

A-B= lh(AB_BA), AoB= %(AB+1§A) @)
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A.nreﬁpa ynmoxemm Jmeno-nopnamaou

anreﬁpu S

- Jlns Beakoro 3aeMenta A€ M onpeneanu Ba
~ oneparopa sesoro (LE) u nsa omeparopa mpasoro:

A R*) YMHOXEHHI, KOTOpHe oro6pax<axo1' M B ceéa
MO CJIEAYIOWHM NpaBHIaM:

LiC=40C, L3;C=A-C,.
R{C=Cod, EiC=C-A

paa mobux C € M. 3T otobpaxenHs SABASIOTCA
suuomopduaMamu. Mofyas anre6per M. TloganreGpa

anre6pul 3HAOMOP(H3MOB MO}lleﬂ M, nopoxnaemas

BCEBO3MONKHBIMU ONEpaTOpamu L An R* Ha3bIBaeTCs
anreGpoit ymuoxenuii [10] sneso- uopnaﬂoaon anrebpui
M u o6osnauaercs * A{M). Anre6pH, nopoxaaembie
BCEMH ONEepaTOPaMH JIeBHIX H-BCEMH orrepampamu fipa-

BHIX YMHOXEHHH AueBo-Ho lmaucaon a.nreépu cosna: -
. nawor ¢ A(M), TaKk Kak LY : ‘
~ Toxnectsa, KOTOpHIM ynosnemopmor AHEBO- uap-

HAaHOBH ajreGpHl, NPHBOAAT K COOTHOIIEHHAM Jid
0ONepaTopoB YMHOXEHHH. Jas toro 4roOun MX MO-
JY4HTb, HEOGXOAMMO - HCIOJb30BaTh NOJIHYIO JIHHea-
pu3auuio [10] ToRaecTs, onpepensiowmx ajireGpy, H
cBOHCTBA KOMMYTATHBHOCTH HOpAaHOBA NPOH3BEICHAR
W aHTHKOMMYTATMBHOCTH /IHEBA MPOH3BENICHHS.
Teopewma 1. Azrcebpa ymuoncenuti A(M) aue-
" go-iopdanosot arzebpvr M onpeaememc;L
1) auesoimu COOMHOWERURMY. ‘ -

. LAB - LALB LBLA,
2) quf}anoebmu coomnowenwmu - =
L(AoB)oc + L§LZL+ L+L"' L
= LLBLE’ + Lol + LAoCI’B!
Lopyoc+ LELELE + LILELE, '= 
=L§LY g+ LELYc+ LiLEec
LELYop+ L L e + LiL o=
= LhpLd+ Lholh + Bl
3) CMelanHbiMU COOMHOUWEHUAMU .
Lip= LZLE—LELZ» LB = LILE"TLELL (5)
o _are B |
gk ’+ P . ©
L§LY - LiL=-7Lip

Has anreGpu K.naccuqecxux Ha6monaemux h 0.
" M3 3THX COOTHOWeHHWHA BHITEKAIOT = CAAylOLHe
yTBepMAEHHA. . -
- Cnenctue 1 Ecan uopnauosa aareGpa mo-
POXAETCA MHOXKECTBOM X {z"} 10" cOOTaeTcmy-'

4 BMY, pusnka, acTpoHoMHs, m.s,

" mHOXeCTBOM onepatopos {L7,,

TiepBHM M3 cooTHoweHu#H (6).

;bmaﬂ anrebpa ¥MHO)K&HK§ nopoxmae'rca MHOXECTBOM..
" oneparopos {L7,

Lz‘oz'”f zk zm € X} :
Cnencrsue 2. Ecan nnesa a.ure6pa NOpOX-

- maercs mHoxectrom X ={zF}, To coorsercraylomas
‘ajnre6pa yMHOXKEHHH | nopmxnaeTca MHOXECTBOM Ofle-
' patopos {L_,| z* € X}. -

Caencteued. Ecan JmeBo-uopnaHoaa a.ureﬁpa

- M nopoxnaerca Maoxectrom X = {z*}, To cootser-

CTBYylOLIas aareGpa yuuo;xemm A(M) nopoxpaercs

ll zreX } .
OTMeTHM, 4TO B noc.nezmem ymep)xneuuu dury-

pHpYeT MHOXKECTBO onepampos {L oD Iz" € X},

a ne {L} ,,,Lz,oz,, ,,Iz z! € X}, uro aéymosaeno
HUcnoab3ys cBoficTsa 06pasyioLux (2) '] COOTHOLLE-
nus_(5), SerKo 0Ka3aTh CJIeNyIOUIylo TeopeMy.
- Teopema . 2. Ecau aueso-tiopdanosa anzeb-
pa M ¢ edunuyeii- I nopowdaemcs MHONCECMEOM
X = {¢*,p%, I| k =1,...,n}, anemermot Komopo-
20 yaoe.aemeopmom coomhowenusmu (2), mo coom-
semcmsyroiyas arzebpa YMHOJHcerud A(M) nopoc-

daemcs MHOXNCECMBOM ONepamopos {Lq,,,L:,,,L*j .
q*,p*, I € X}, komopbie yGo6aemeopRIom Kommyma-

uuonnpm COOMHOWIEHUAM
[ ML:%] [L lnL }=[L hLil]_=01
q g p! p* Tt

(L%, L) = (L], ,L;f,]=o_, @
I, L= (L5, 0 =0. -
OTMeTHM, UTO JaHHbe Koumy'raunonuﬁe COOTHOLIe-
HHS  Js1 oﬁpasyloumx {L P,,L*l ¢, p5 I € X}
anré6ps yMHOXKeHHi A(M) ONMHAKOBH [IJsl KJAac-.
CHUECKHX M KBaHTOBHX Habuionaembix. CooTHoOLIe-

una (7), (8) onpene.nmor anre6py JIn, nOpoXaeHHyio
oriepaTopamu L*,,L p,,,LI W3 teopemnt 2 BHITEKaeT

OYeBHMIHOE y'raepmneﬂﬂe n1060# 3aemeHt L anre6psi

(7)

'yMHOXeHHH A(M) aueso- uopnauosou anreﬁpu M

MOKeT GbiTh 3aNHCaH KaK NOHHOM L(L . L , L¥) or
onepatopos yMHox(emm {L‘ -, p,,,L*}

3 Beu.nencxoe KBaHTOBAHHE

Coorsercmue mexzy onepatopamu A = A(§,p) n

-cuMBoJIaMH - 'A(g,p) TNOJHOCTBIO ONpefesserca ¢op-

MyJam, Bupa)Kanoummu cHMBOAH onepaTopos ¢FA,

Agk, p*A, Ap* uepes cumBoa oriepatopa A. Topopsr,
YTO 3aialHo BeHNEeBCKOE KBAHTOBaHHe- W, ec/IH 3TH
dopMyaH UMEIOT BUA

o ((¢+2.25) Aan) =2,

(9)
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s Juoéux A= wW(A(q, p)) lonasaTe.nbcho cnpa-

BE/I/IMBOCTH STHX (POPMYJA COIEPXKHTCs B paboTe [H].
Hs onpejeneHus (3) BHJIHO, YTO ONeEPaTopsl - L}

a Ly 4 JeficTByioutne Ha x.uaccuqecxne Had.nmaeuue,,

sanaiorcs Qopmynamu

L}B(g.p) =~A(q;‘p)'3_(»q{p), B

L3B(g,p)= {A(Q.p),B(q,p)}, ' | ‘A(n)

B cuay onpenenenns (4) oneparopm Lt iH L3 4 Bupa-

._A

A a0 oA A

i —(AB+BA)’,, L7B=-

M
-,
-

I/Icnonbsya oneparopl yMHox(eHun Lj H L ,

penumem q)opmy.uu (9) 1 (10) b Bune

wW(Lq,A)=L$,A' 1rW(Li A)= L*,,A
HOCKOJIbe 3TH COOTHO[UQHHH BLINOJIHAIOTCA  AJis JIIO-
6bix A = mw(A), TO MOXHO ONpPENENHTH Bemxeacxoe
KBAHTOBaHHE CaMHX ONEPaToOpoB yMHox(e}ma L ¢

Li CenyIOUWAM 06pasoM:

'nW(L*-.) L, mwi)=1%.. (12)

3ty COOTHOLUeHHﬂ 3a0ai0T Bei/ieBCKOe KBAaHTOBaHHE .

MOPOXKAAIOWIHMX ONEPaTOPOB aAreGpE YMHOXKEHHH Jye-

BO-JOpIAHOBOM a/are6phl KJAACCHYECKHX HAGJI0AaeMbiX.
W3 onpepenenus (11) pas xnaccHYeckux Halaona-

eMbIX NoJly4yaem ‘ o :

Lj;A‘(q,p)=q"A(q,p), LLA(g.p) = P"A(q,p)

(13)

K
L*.A(q,p) = aj;(;,:p ),_ L‘,,A(q,‘b) = -%"—)J ’
(14)

Bupameﬂuﬂ (13) H (14) TIO3BOJIAIIOT PaccMATpUBaTh |-

JIMHEAHbIH OJHHOMHANLHEIA nntj)q)epeﬂuuanbuuu one-
paTop KaK 3JieMeHT anre6pu yMHOXeHu# amneso-iop-
IAHOBO# ‘a/re0pH KJacCHYeCKHX Habmonaemuix. B pe-
3yJibTaTe MMeeT MeCTO CJeNYIoilas Teopema.
Teopema 3.
Ougpeperyuarvruiii onepamop

. -8 0
. é(q;?fa—q’a%):

" TopoB L’b u L%

- OnepaTopoB Ljf,,. L;t,, u L%,

Junednoili. noAuUROMUAALHOE |

6eucmaylou4uu HO  KAGCCUMECKUE naéﬂmaaeuue
A(q,p) € M, R8a5eMCa INEMEHMOM “anzebpoL YymHo-
wcenuli A(M) Aueso-iiopOanosol arzebpor M Kaac-
cusecKux uaéatodaeuux
(8. A + 1+ 1~ L)
c(q,p,a 3 )=£(L4,Lp, ~;,1;).
lloxasare.nbcmo OYEBH/IHO M3 OnpejiesieHHs onepa-
, 3apannux 8 (13) u (14).
B cmly (12) 1 KOMMYTaUHOHHHIX COOTHOIUEHHH .
(7), (8). BeiineBckoe KBAHTOBaHWE Ty ;md)drepeﬂ- .

uuansﬂomy onepartopy - L (q, P'BE’BB) Ha ¢bynk-.
unoua.uwom NPOCTPAHCTBE COMOCTABJIAET ~ONEPATOP-

- L (Lq L, L“ “) LeACTBYIOUMH B ONEpaTOPHOM

[POCTPAHCTBE. _ TaKHM o6pasoM, BeilleBCKOe KBAHTO-

. BaHHe nmp«bepenunaubnux ypaBHEeHH# C MOJMHOMH-'
‘ansHbIMH onepaTopami [12], onuckiBalomux 3BOJIOLHIO
 HabMIOaeMBIX nuﬂamnqecxon cucremu (1), onpeneuﬂ-
| etcsa dopmynoit

) s s s
™w (‘C (qap:a_q351;)) =L (L;s Lp+i —Lp?:l’q) .
TMOCKOALKY KOMMYTAUMOHHbE COOTHOWIGHHA JWIA
L;f,, COBNAJAIOT, HMeeT
MECTO CJefyloillas TeopeMa.

Teopema 4. [llpu seiiresckom K8anmosanuu
ynopsdouenue o6pasyroULLX ONepamopos 8 onepamo-

pe L (Lq LE, -1, L;,') 00HOZHAYHO onpede/memwz R

a ynopﬂaouenue)u 8 onepamope L (L+ Lt

g1ipr
CooTBeTCTBHE MEXAY TNOJHHOMHAJIbHLIMU nmﬁtbe-

PEHUHaNLHLIMH OMEpaTOPaMH H dJeMeHTaMH anreGpu
YMHOXKeHH# 1HeBo-HOpIaHOBO a/re6pl KJAaCCHUECKHX
HaGAIOAaeMHX MOXHO NPOROMKHTDL A0 COOTBETCTBHA

'Mexmy onepatopamu GoJiee 006LIENO BHA H 3JEMeH-

TaMH HEKOTODPO#H (Hopmnpoaannou nuaomomsﬂou) an-

- rebput yMHoxceﬂnn [12].

E 4: Kpauroanne c_nc‘rei;umna Jlopenna -

PaccmoTpum  ypaBHEHHe éaomouuﬂ KJIaCCHYECKOR
HabaionaeMoi At(q, P) AAR KNaCCHYECKOH IMCCHNATHB-

" HO#i cucTeMbl Tuna Jlopenua [13], nmeiomee Bun

t(q,p)

d
At(QyP) (—0’!h+6p Y

t(q,p)

+ ("91 - p1 — @) 2l (15)

+( PZ) t(qvp)_‘_( bp2+q P) t(qlp)

Jlannoe ypasHenve, 3anucaHHoe s HaGJuonaemux :
z=4¢q, Yy=p1 H z=_p3, 33/12€T KJACCHYECKYIO

mMccunatuBHylo mojenb Jlopenua [14, 15}

W=-catoy, Y=re-y-=;, f=-bitey,
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e z’ = dz(t)/dt Mozxe.nb, npemox(euﬁaa .Hopeﬁmeu
B paGore [14], nBAsieTca caMONl U3BECTHOM KjaccHueC- |
KO# NHCCHNATUBHOM CHCTEMON CO CTPAHHLIM ATTPAKTO- |
- pom. DTa CHCTeMa NEMOHCTPHpPYET XaOTHYEEKoe Tiose- | R _
: pasno p; o ,(q,,o [qm, AD Onnako OHH He' pPaBHbI

nenue [14, 15], koraa BuGpanu napamerpsl, 6H3KHE K

3HaueHuaM o =10, r=28; b=8/3. .
lqu)cpepeHuuaanun onepatop L 1S CHCTeMH (15)

HMeeT BHI ‘

v 9 a
£{ap— ( oqi +ap1)——-+
3q 3 8q:

+(rq:~—p1 91P2)-6—+( p,)5_+( %ﬂm)apz"

Li

, I'[epenﬂmeu JaHHHH Onepatop epes L*\ n L.

Moayuaem ‘
L= —(—a'L*‘ +0L+1)L;1 +(1-er‘1*1 - L;f1 -LI L)L,

—(oL +)LL +(=bL3, + L LY )L,

i 4

Beiinenckoe KBaHTOBaHHE 3TOr0 oneparopa npnaonu'r,

K CAelyiouemy oneparopy Ha anreﬁpe xsameaux
Hadmonaemux )

£‘=—( oL +aL+)1‘;;+ |
s (lg-Th-1308) 15—
(aL+)L +(—bL+ L+L+)L;.

Hcnoarsys onpenenenns oueparopas Lt ALy, noayua-
eM KBAHTOBOE YPaBHeHHe THia Jlopenua ' ‘

iAt i ["(Pl +53)

atTRlT 2 T2

+%ﬁ1 o.[q},(L] + ‘;:;.bﬁz e [4% “it] +

gt (pro [ A]) - e (510 [an A1),

;

5 BMY, ¢usuxa, actponomns, Ne 6

. 1’91 At] - _ﬁ_q“l o[ﬁl,./it] + |

3auemu. ‘qﬂro BelIeBCKOE KBAHTOBAHME upHBonm"
- MMEHHO K JIaHHOMy BHLY MHBYX NOCACNHHX Cla-

fraemux qio (p;o s AD', xaxmoe u3 xoropux

(dk o 1) © {é,,.',ﬁ] yTo0 CAexyeT H3 (6).
00 02-17679 a)
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