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We prove that Eq. (3.6) for fractional-order derivative of power function and the usual Leibniz rule (3.7) 
in the form Dα(v(x) u(x)) = (Dα v(x)) u(x) + v(x) (Dαu(x)), which are based relations of the considered 
paper, cannot hold together for fractional derivatives of order α �= 1. We also prove that the usual Leibniz 
rule with α �= 1 cannot hold for sets of differentiable and non-differentiable functions.

© 2015 Elsevier B.V. All rights reserved.
In paper [1], G. Jumarie uses as main properties of fractional-
order derivatives Dα the equation for fractional derivative of 
power function

Dαxγ = �(γ + 1)

�(γ − α + 1)
xγ −α (γ ≥ α > 0), (1)

and the Leibniz rule

Dα(v(x) u(x)) = (Dα v(x)) u(x) + v(x) (Dαu(x)), (2)

as Eqs. (3.6) and (3.7) of [1], where Dα is the modified Riemann–
Liouville fractional derivatives.

Let us prove that Eqs. (1) and (2) cannot performed together 
for fractional-order derivatives with order α �= 1. To prove this 
statement, we can use the functions u(x) = v(x) = x in the Leib-
niz rule (2). In this case, this rule is written in the form

Dαx2 = (Dαx) x + x (Dαx). (3)

Eq. (1) gives

Dαx2 = 2

�(3 − α)
x2−α, Dαx = 1

�(2 − α)
x1−α, (4)

where �(n + 1) = n! is taken into account. Substituting of Eq. (4)
into Eq. (3), we obtain the condition
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�(3 − α)
− 2

�(2 − α)
= 0 (5)

for x ∈ R+ . Let us take into account �(3 − α) = (2 − α) �(2 − α). 
Then Eq. (5) gives

1 − α

�(3 − α)
= 0. (6)

As a result, we prove that Eq. (1) with x ∈ R+ and the Leibniz 
rule (2) cannot be satisfied together for α �= 1. To prove this propo-
sition, we also can use u(x) = xγ1 and v(x) = xγ2 with arbitrary 
positive real values of γ1, γ2 and x ∈ R+ to prove that the Leibniz 
rule (2) holds only for α = 1. Note that our proof does not de-
pend on the definition of fractional derivative and the type of the 
derivative, i.e. this statement can be used for all types of fractional 
derivatives including the modified Riemann–Liouville derivatives.

The statement [5] that the Leibniz rule in the form (2) holds for 
non-differentiable functions is also incorrect. Let us give the proof.

Step 1. If the Leibniz rule (2) is considered then functions u(x) and 
v(x) should be fractional differentiable. In order to use the left 
and right sides of the Leibniz rule (2), the functions u(x) and 
v(x) should be differentiable in a fractional sense, i.e. fractional 
derivatives Dαu(x), Dα v(x) and Dα(u(x)v(x)) should exist. There-
fore arbitrary non-differentiable functions cannot be considered 
in the Leibniz rule (2). In paper [2] these functions are called 
“α-differentiable” or/and fractional differentiable. Therefore the 
Leibniz rule (2) with fractional derivatives should be considered 
for fractional-differentiable functions.
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Step 2. Power functions are fractional differentiable. In paper
[2] (see remarks on Definition 2.5), we can see that u(x) is 
α-differentiable at x = 0, if and only if, when u(x) − u(0) is lo-
cally self-similar with the parameter α. It is easy to see that 
u(x) = v(x) = xα are self-similar with the parameter α. Then these 
functions are α-differentiable. In addition, Eq. (1) (see Eq. (3.6) 
of [1]) means that fractional derivatives of power functions exist.

Step 3. Using that power functions are fractional differentiable, we 
can repeat our proof. Using u(x) = v(x) = xα for x ∈ R+ , we obtain 
that the Leibniz rule (2) holds only if the condition

�(2α + 1) − 2�2(α + 1) = 0 (7)

can be used. This condition holds only for α = 1. For example, if 
α = 1/2, then condition (7) has the form 1 − π/2 = 0.

Remark 1. Note that if u(x) and v(x) is α-differentiable at x = 0, 
then u(x) and v(x) are locally self-similar with the parameter α, 
and the product u(x)v(x) is locally self-similar with the parame-
ter 2α, i.e. the product is not α-differentiable functions since it is 
2α-differentiable. Therefore the Leibniz rule cannot be formulated 
for class of α-differentiable functions with fixed order α, which is 
equal to order of the used fractional derivative. Then we can con-
sider fractional differentiable functions with orders β, γ ∈ R+ . This 
means that we can consider the power functions u(x) = xβ and 
v(x) = xγ with β, γ �= α (including integer values of β and γ ), 
where α is the order of fractional derivative.

Remark 2. Using Remark 1, we can consider the Leibniz rule (2) for 
fractional differentiable functions with orders β , γ , which may dif-
fer from the order α of derivative in this rule, then we can repeat 
our proof. Using the Leibniz rule (2) with fractional derivative of 
order α for product of β-differentiable and γ -differentiable func-
tions, we can repeat our proof for power functions u(x) = xβ and 
v(x) = xγ with β, γ ∈R+ (including β, γ ∈ N) to get the statement 
that the Leibniz rule (2) holds only for α = 1.

Remark 3. To consider fractional differentiable functions u(x) and 
v(x) at x = x0 �= 0 with β, γ ∈ R+ , we can use for example u(x) =
v(x) = x − x0 and then use (1) for x − x0 and (x − x0)

2 = x2 −
2x0x + x2

0.

As a result, we prove the following statements:
1. The Leibniz rule (2) for fractional derivatives of orders α �= 1 is not 

satisfied on a set of differentiable functions. The Leibniz rule (2) holds on 
a set of differentiable functions only for α = 1.

2. The Leibniz rule (2) for fractional derivatives of orders α �= 1 is 
not satisfied on a set of fractional-differentiable functions. Eq. (1) for 
fractional-order derivative of power function and the Leibniz rule (2) on 
a set of fractional-differentiable functions hold together only for α = 1.

3. The Leibniz rule (2) cannot be used for non-differentiable functions 
that are not fractional-differentiable.

Let us note some additional questionable steps and mistakes in 
papers [1–3,5]:

(1) In [5], author tried to answer to the obvious objection [4]
that Leibniz rule cannot hold in the form (2) for fractional deriva-
tives α �= 1. The key of the answer is that (2) holds only for 
functions u(x) and v(x), which are fractional differentiable but not 
classically differentiable. It is remarkable to note that nowhere in 
the “proof” of (2) given in [5], the assumption for u, v of being 
non-classically differentiable is not used. Therefore, using exactly 
the same “proof”, we can get the statement that the Leibniz rule 
(2) holds for each pair u, v of fractional differentiable functions 
without the useless assumption that these functions are not clas-
sically differentiable. As a result, Eqs. (1) and (2) give that the 
Leibniz rule (2) holds only for α = 1.
(2) In Eq. (2.6) of [1], we can see that the fractional derivative 
f (α) for α > 1 is defined by f (α)(x) := ( f n(x))(α−n) , where n is 
integer part of α and f (n) is the ordinary classical derivative of 
integer order n, i.e. f (x) is classically differentiable. Therefore the 
suggested Taylor’s formula (see Eq. (3.1) and Corollary 3.1 of [1]) 
hold if f (n) exists for all n ∈ N, i.e. if the function f (x) is smooth 
and f (x) classically differentiable for all n ∈ N. As a result, the 
suggested Taylor’s formula can be used for classically differentiable 
functions.

(3) In [5], a generalization of the Hadamard’s theorem is con-
sidered. From Eq. (2) of [5] with f ∈ Cα and the fractional dif-
ferentiability of (x − x0)

α , it follows that also f ∈ Cmα . Therefore 
we have that f ∈ Cα implies f ∈ Cmα for m ∈ N. This reveals in-
correctness in the suggested generalization of Hadamard’s theorem 
and the correspondent Taylor’s series in the Hadamard’s form.

We should emphasize that the violation of the Leibniz rule 
(2) is a characteristic property of fractional-order derivatives of all 
types [4] and derivatives of integer orders α �= 1. Moreover the vi-
olation of the Leibniz rule (2) for fractional-order derivatives does 
not depend on the class of functions (in contrast to statement in 
[5]), if the relation (1) can be used. A correct form of the Leib-
niz rule for fractional-order derivatives should be obtained as a 
generalization of the Leibniz rule for integer-order derivatives (for 
example, see Section 2.7.2 of [6]).

We should note that the chain rule in the form of Eq. (4.4) of 
[5], which is used as basis for formulation of the suggested gen-
eralization of differential geometry of fractional order, also cannot 
satisfied for fractional derivatives with orders α �= 1.

It should be noted that fractional calculus as a theory of inte-
grals and derivatives of non-integer real (or complex) order has a 
long history from 30 September 1695, and it go back to many great 
mathematicians such as Leibniz, Liouville, Riemann, Abel, Letnikov, 
Riesz, Weyl. There are different correct definitions of fractional 
derivatives such as Riemann–Liouville, Riesz, Caputo, Grünwald–
Letnikov, Marchaud, Weyl, Sonin–Letnikov (for example, see [7,8], 
where the correct properties of these fractional derivatives are de-
scribed). The theory of fractional-order derivatives and integrals 
has a wide application in mechanics and physics (for example, see 
papers and books cited in [9]).

In my opinion, unusual properties of fractional-order derivatives 
such as a violation of the usual Leibniz rule, a deformations of the 
usual chain rule a violation of the semi-group property allow us 
to describe new unusual properties of complex media and physical 
systems.
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