P o I3 i11+1 9 I K] o <, i
interaction along a chain; and #=[a(a)le,=a,s=03, which describes the interaction between

the chains. Here, «; is the species of the atom localized in the i-th chain for configura-
tion a. For comparison we give the histogram of the density of states of a one~dimensional
chain of 4,000 atoms calculated using the method of negative eigenvalues. Figure 2 illus-
trates the rapid convergence of the density of states with increasing number of chains and
the vanishing of the singularities characteristic of the one-dimensional case. Thus, for
t/T = 0.3 the density of states hardly changes already for M 2 5. With decreasing value

of the parameter t convergence occurs even more rapidly, as the calculations showed.

As regards efficiency, the method proposed in this paper for analyzing the single~
sarticle spectra of stochastic quasione-dimensional systems is not inferior to the method
of negative eigenvalues, but at the same time it enables one to solve a much larger group
of problems by virtue of the information contained in the averaged Green’s functions.
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ULTRAVIOLET FINITENESS OF NONLINEAR TWO-DIMENSIONAL
SIGMA MODELS ON AFFINE-METRIC MANIFOLDS

V. V. Belokurov and V. E. Tarasov

The two-loop counterterms of a nonlinear two-dimensional boson sigma model
whose target space is an arbitrary affine—metric manifold are calculated.
Examples are given of nonflat manifolds that lead to ultraviolet-finite
sigma models.

Study of nonlinear two-dimensional sigma models has recently become particularly
interesting in connection with the development of string theory. The target manifolds of
ultraviolet-finite sigma models determine the spaces of the compactified additional dimen-
sions [1,2]. The condition of ultraviolet finiteness determines the equations of motion
of the string modes [3-5].

The action of the bosonic sigma model has the form

I(p) =§ d*z G (@) 0.9° 0*¢’, (1)

where the integration is over a two-dimensional Minkowski space. The fields ¢'(x) take
values on some manifold M. It is generally assumed that M is a Riemannian manifold with
metric-consistent connection [6,7]. In this case the condition of ultraviolet finiteness
of the sigma model leads to the requirement of vanishing of the Riemann tensor. In other
words, finiteness holds only for flat manifolds M.

In this paper we consider as space M an arbitrary affine—metric manifold for which
consistency of the connection with the metric is not assumed. In this case the connection
has the form

%= {*4} + D", (2)
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where {k ij}z—;— G*? (0/Gip + 0,G;, — 0,G;;) is the Christoffel symbol,

Dkijz‘“’/szP (KiPJ'+KJ'Pi_KiJ'P) +20(i;‘)k+0kﬁ ( 3 )

is the comnection defect, K;=V,G; is the nonmetricity tensor, Q*=T".; is the torsion
tensor. For the Riemannian manifolds usually considered [6,7], the relations K;=0, Q;=0
hold.

The counterterms in the sigma model can be conveniently calculated by the background
field method. In this method, the action is expanded in powers of the quantum field

,_aN (@)
dt ti’
where Ai(t) is the geodesic determined by the equation
an dzt dy
’I" Fki' == O.
e . U dt dt

Note that the symmetric part of the connection (2) occurs in the equation for the geodesic
in the considered case. The covariant expansion of the action (1) in powers of the quantum
field differs from the corresponding expansion for Riemannian manifolds [7,8] by the
presence of the additional terms

9= S 22 (G V BV + 2G5 BV E MY + (s + Vo Gis i) B0, 00097},
%= S @2z {Gijy E*VREVIE + [4)s B -+ Gis i 1] EEVuE g 4
[2/s s, kB 1mi + Vs Bkt m + s Gii s 1;m] EEE g ome}, (4)

1(4) = S d3r {[1/3 -%iklj -+ 1/, Gij; k; l] Ekglvugivugl +

[5/6 Gpis k" tmi+ s Riktiym ~+ s Gig; 1 1; m) EEEV, Ei00g” +
(M

——md
s s s
P
[Vs-ﬁpkljﬂ mni 1/12 ﬁikli; m; n -+ 1/24 Gij; K Lhmn -+

5/ 12 Gpj: k; lﬁpnmi 41 / 6 Gm‘; kﬂplmi; n] §k§l§m§"aufpia”¢]}-

We have here introduced the notation
s

Ru=R+2Q 0, 11120 QP Fw=201 Ty 2T I,
&
Ay =V A=V;A+Q"A, V;A:=0,A—~T"A,,

ViE=0,8 4T, 80,97,  Aip=Auim="l(4nt ), Apim="0(4in—Au)-

fa—

In each order, the obtained counterterms have the structure of Eq. (1) and reduce to
a renormalization of the metric tensor Gij [6].

The divergent single-loop counterterm is

1

T(li 1)' Jp—
YT e

s 1
(ﬁ(i;‘) + 5 Gis; a:a — 2Gia; 61Giga; b]) ) (5)

where 2%#.=%...,G*. In calculating the counterterms, we use dimensional regularization,
2 »>n =2 — 2e and introduce an auxiliary mass term to eliminate the infrared diver-
gences.

The divergent two-loop counterterm (including the contribution obtained from the
expansion of the expression (5) to terms quadratic in the quantum field) contains terms
proportional to €% and £”!. The term proportional to €”2? can be obtained from (5) by
means of pole equations [7]. Therefore, we write down the answer only for the coefficient
of a simple pole:

1 16 8 8 1_ s 8
pev. 1 {'@" Biarore1 Ficarvrel + 5 Rianifan —
| M | S |
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8 8 & 3
s RicavriFewave — Y3 Gica; by, § (5B avy + Fotavyc) —

8 3 8
6 Gij; a; v) (Hetabre — 2H aty) — /o Riati (Gec; (a; 0y + Gty e5¢) +
s s s & E
[ Gige, b3, aitagbre] — 2Gac; o; s Ficatyi + 35 Gigp; 1Git; 0 Bitartral — /2 Gitas 616 pb: (0B eays -+
el | PSSR |
8
o Ritabyj (8Gp[q; a]Gp[q; b} =~ Gm: alrog b — 4Gaip; q]Gbip: )t
] ] &

43 Re@braGige; e1Gigs; a1 + /s Gigg; aiGia; 01 (Retavre + s Fadr} —

| S ]

Y3 Giga; ] (3;%(cclf; oy + 4</”s?(ai>; v) = %3 Gare; b]J’%i(abw;j +
Gifa; 01 (Gis e; ;0 — Gty (5 ; @) — 2Gae; 61Gics (a3 0935 +
Geas b3 iGab; ¢ = "2 Gia; 03§ (Gecs @39) + 4Gacs e 8) — G (a; 06acs o1 b -+ 8Gigp aiGpte; Gt <ot v) +
2Gi[a: o1 iGep; (Galp, a1 -+ /4 Gis; (V)] <8Ga[b; 21Gagt; g1 — Gov; paty g —
4G p1a; 010 q1a; 01) + 2Geq; @3 0)Giga; fFige; a1 + s Gitp; a1Gitn; 11 X
(E’Gab; et 4Gcc; a; b))+ 4Gi(a; b); J'Gaip; q]GbEp; a1+
8Gifa; 61Gite; 1Gage; at; b+ /s Gigar v3Gita; c1G ol mi; o)
/3 Giga; 81Gia; 1Gopp; 1Getm a1 — %5 Gige; 21Gife; a1 (Gae: sGva; p —

4G1m;chd; o+ 6Gpa; pod; b) + 20/ [ Gi[a; b]GJ'[a; c} (Gpc: gGab; p.— 4qu; pr(q; o+ Zpr; quc; ot {6)
Repeated subscripts denote summation with the tensor 1G2b, for example,
Bua; cAcEi/gGabGCdBab; cA-d, %abgi/zacd%acdb-

It is readily shown that on the transition to a Riemannian manifold Egs. (5) and (6)
lead to the well-known expressions [6,7].

We give examples of nonflat manifolds for which the single-loop and two-loop counter-
terms (5) and (6) vanish. In particular, this occurs if we have fulfillment of the
conditions

8
Kij!=Nﬁz“‘2Q(ij)z, lvijlzK(ijl)g Nt'g'l; h“—=0, %ikii=ﬁ (7}
or
Qiil=07 Kijl::K(ijl)y -%iw=‘“i/zv(kK:w- (3)

In these cases the Riemann tensor R, =0, {("nn} — 0o (¥} & o1} Cmnd — Foa} (Pmi} is, respec-
tively,

Rini =Y oNmipgyN 55 + 2Q iyt N mpits Binri = V2 K41 Ky — 42 ¥ (6K 1y

Just as finiteness of the sigma model with Wess—Zumino term on parallelizable
manifolds was proved [9], we should be able to show that in each order of perturbation
theory ultraviolet finiteness of the sigma model on the affine—metric manifold is ensured
by the condition

%ih!i+1fZGij; B; E_ZGi[k; ljlIG:iU; a1=0,

special cases of which are provided by the conditions (7) and (8).
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STRING OPERATOR FORMALISM AND FUNCTIONAL INTEGRAL
IN THE HOLOMORPHIC REPRESENTATION

A. S. Losev, A. Yu. Morozov, A. A. Roslyi,
and 8. L. Shatashvili

The connection between a functional integral over open Riemann surfaces
[1] and the operator formalism on closed Riemann surfaces [2] is
discussed. The states in the operator formalism are a holomorphic repre-
sentation of the functional integral.

1. Several recent papers [1,2] have been devoted to the calculation of functional
integrals Iy over Riemann surfaces I with boundary I'. The integrals Iy are important in
string theory, since they satisfy the so-called sewing algebra: if the surface I is
obtained from the surfaces I, and £, by identifying some components of the boundary of the
surface I, with the same number of components of the boundary of the surface I,, then

Iy=1I:}1I5,

where y is the common part of the boundary of the surfaces I, and %,, and Y is some multi-
plication, which will be described below. Using this "sewing," we can construct Iy for

a surface of arbitrarily high genus from simple blocks, for example, from functional inte-
grals over "trousers' (spheres with three deleted disks).

1 -
In the coordinate approach [1] for scalars with action S==——J.@¢)8®¢F§ I; is a
b

functional of the values of the field on the boundary and is equal to
I5(®r)=(deto Ax) ~* exp(—S(Du(®r))), (1)

where @h(ér) is a harmonic function on I, equal to o1 on the boundary, and det, Ay is the
determinant on functions on I with zero-value boundary conditions. In this approach,
"sewing" along the common boundary y means integration over the fields on v:

121?{ 121 =j D(DTIM'IZ:'

The operator approach [2] considers quantization near boundaries, which leads to a
certain Heisenberg algebra. In this approach, Iy is regarded as a state in the representa-
tion space of this algebra that can be obtained from the vacuum by a certain Bogolyubov
transformation, the "sewing" being specified by the scalar product in the Hilbert space
corresponding to the common boundary.

In this paper we show that for scalars the operator formalism is the holomorphic repre-
sentation for the functional integral.

2. For simplicity we consider the case of a connected boundary. The generalization
to the case of a disconnected boundary is trivial.

It follows from (1) that S(¢r) determines Iy(¢r) up to a constant factor (det, AE)'%.
Therefore, we first calculate S(&r), and we then find det, Ay from the sewing algebra.

Let z be a coordinate near I' such that |z| = 1 on the boundary and |z| > 1 for other
points of I near the boundary. The field ¢y on the boundary can be specified by means of
coefficients &, in the following Fourier series:

' o,
Or=P,+ Z —€"%, @=argz.
: nskl v I rn
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