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Using Liouville spaceandsuperoperatorformalismwe considerpurestationarystatesof openanddissipa-
tive quantumsystems.We discussstationarystatesof openquantumsystems,which coincidewith stationary
statesof closedquantumsystems.Openquantumsystemswith pure stationarystatesof linear oscillator are
suggested.We considerstationarystatesfor the Lindblad equation.We discussbifurcationsof purestationary
statesfor openquantumsystemswhich arequantumanalogsof classicaldynamicalbifurcations.
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I. INTRODUCTION

Theopenquantumsystemsareof strongtheoreticalinter-
est.As a rule, any microscopicsystemis alwaysembedded
in some~macroscopic! environmentandthereforeit is never
really closed.Frequently, therelevantenvironmentis in prin-
ciple unobservableor it is unknown@1,2#. This would render
the theoryof openquantumsystemsa fundamentalgenerali-
zationof quantummechanics@3,4#.

Classicalopenanddissipativesystemscanhaveregularor
strangeattractors@5,6#. Regularattractorscanbe considered
as a set of ~stationary! statesfor closed classicalsystems
correspondentto open systems.Quantizationof evolution
equationsin phasespacefor dissipativeand openclassical
systemswassuggestedin Refs.@7,8#. This quantizationpro-
cedureallowsoneto derivequantumanalogsof openclassi-
cal systemswith regularattractorssuchasnonlinearoscilla-
tor @7,9#. In the papers@7–9# werederivedquantumanalogs
of dissipativesystemswith strangeattractorssuchasLorenz-
like system,ResslerandNewton-Leipniksystems.It is inter-
esting to considerquantumanalogsfor regularand strange
attractors.The regular ‘‘quantum’’ attractorscan be consid-
eredasstationarystatesof openquantumsystems.Theexis-
tenceof stationarystatesfor open quantumsystemsis an
interestingfact. The conditiongiven by Daviesin Ref. @10#
definesthe stationarystateof an openquantumsystem.An
example,wherethestationarystateis uniqueandapproached
by all statesfor long timesis consideredby Lindblad@11# for
Brownian motion of quantumharmonicoscillator. In Refs.
@12–14# Spohnderivessufficientconditionfor the existence
of a unique stationarystate for the open quantumsystem
describedby Lindbladequation@15#. Thestationarysolution
of theWigner functionevolutionequationfor anopenquan-
tum systemwasdiscussedin Refs.@16,17#. Quantumeffects
in the steadystatesof the dissipativemapareconsideredin
Ref. @18#.

In this paperwe considerstationarypure statesof some
openquantumsystems.Theseopensystemslook like closed
quantumsystemsin the pure stationarystates.We consider
thequantumanalogof dynamicalbifurcationsconsideredby
ThompsonandLunn @19# for classicaldynamicalsystems.In
order to describethesesystems,we considerLiouville–von

Neumannequationfor densitymatrix evolutionsuchthatthis
Liouville generatorof the equationis a function of some
Hamiltonianoperator. Openquantumsystemswith puresta-
tionarystatesof linearharmonicoscillatoraresuggested.We
derivestationarystatesfor quantumMarkovianmasterequa-
tion usuallycalledthe Lindblad equation.The suggestedap-
proachallows one to usetheory of bifurcationsfor a wide
classof quantumopensystems.We considerthe exampleof
bifurcation of pure stationarystatesfor openquantumsys-
tems.

In Sec.II, we introducepure stationarystatesfor closed
quantumsystemsandsomemathematicalbackgroundis con-
sidered.In Sec. III, we considerLiouville–von Neumann
equationfor an open quantumsystemand pure stationary
statesfor this equation.In Sec.IV, simple examplesof sta-
tionary statesfor openquantumsystemsare considered.In
Sec.V, we studysomeproportiesof the quantumsystemto
havedynamicalbifurcationsandcatastrophes.In theSec.VI,
we suggestan exampleof the quantumsystemwith fold
catastrophe.Finally, a shortconclusionis given in Sec.VII.
In the Appendix, the mathematicalbackground~Liouville
space,superoperators! is considered.

II. PURE STATIONARY STATE

In the generalcase,the time evolution of the quantum
stateur t) can be describedby the Liouville–von Neumann
equation

d

dt
ur t)5L̂ur t), ~1!

whereL̂ is a Liouville superoperatoron Liouville space,ur)
is a densitymatrix operatorasanelementof Liouville space.
For theconceptof Liouville spaceandsuperoperatorsseethe
AppendixandRefs.@20–37#. For closedsystems,the Liou-
ville superoperatorhasthe form

L̂52

i

\
~ L̂H2R̂H! or L̂5L̂H

2 , ~2!

where H5H(q,p) is a Hamilton operator. If the Liouville
superoperatorL̂ cannotbe representedin the form ~2!, then*Email address:tarasov@theory.sinp.msu.ru

PHYSICAL REVIEW E 66, 056116 ~2002!

1063-651X/2002/66~5!/056116~7!/$20.00 ©2002TheAmericanPhysicalSociety66 056116-1



quantumsystemis calledopen,non-Hamiltonianor dissipa-
tive quantumsystem@36–38#. Thestationarystateis defined
by the following condition:

L̂ur t)50. ~3!

For closed quantum systems~2!, this condition has the
simpleform

L̂Hur t)5R̂Hur t) or L̂H
2ur t)50. ~4!

In the generalcase,we can considerthe Liouville superop-
eratorasa superoperatorfunction @7,8,36#:

L̂5L~ L̂X
2 ,L̂X

1! or L̂5L~ L̂X ,R̂X!,

where X is a set of linear operators.For example, X
5$q,p,H% or X5$H1 , . . . ,Hs%. In this paperwe use the
specialform of the superoperatorL̂ suchthat

L̂52

i

\
~ L̂H2R̂H!1 (

k51

s

F̂kNk~ L̂H ,R̂H!,

whereNk(L̂H ,R̂H) aresomesuperoperatorfunctionsand F̂k

is an arbitrarynonzerosuperoperator.
It is knownthata purestateurC) is a stationarystateof a

closedquantumsystem@Eqs.~1!, ~2!#, if thestateurC) is an
eigenvectorof theLiouville spacefor superoperatorsL̂H and
R̂H :

L̂HurC)5urC)E, R̂HurC)5urC)E. ~5!

Equivalently, the stateurC) is an eigenvectorof superopera-
tors LH

1 andLH
2 suchthat

L̂H
1urC)5urC)E, L̂H

2urC)5urC)•050.

The energy variableE canbe definedby

E5~IuL̂HurC!5~IuR̂HurC!5~IuL̂H
1urC!.

The superoperatorsL̂H and R̂H for linear harmonicoscil-
lator are

L̂H5

1

2m
L̂p

2
1

mv2

2
L̂q

2 , R̂H5

1

2m
R̂p

2
1

mv2

2
R̂q

2 . ~6!

It is known that pure stationarystatesrCn
5rCn

2 of linear

harmonicoscillator ~6! existsif the variableE is equalto

En5
1
2 \v~2n11!. ~7!

III. PURE STATIONARY STATES OF OPEN SYSTEMS

Let us considerthe Liouville–von Neumannequation~1!
for the openquantumsystemdefinedof the form

d

dt
ur t)52

i

\
~ L̂H2R̂H!ur t)1 (

k51

s

F̂kNk~ L̂H ,R̂H!ur t).

~8!

Here F̂k is somesuperoperatorand Nk(L̂H ,R̂H), where k
51, . . . ,s, aresuperoperatorfunctions.

Let urC) be a purestationarystateof the closedquantum
systemdefinedby Hamilton operatorH. If Eqs. ~5! aresat-
isfied, then the stateurC) is a stationarystateof the closed
systemassociatedwith theopensystem~8! andis definedby

d

dt
ur t)52

i

\
~ L̂H2R̂H!ur t). ~9!

If thevectorurC) is an eigenvectorof operatorsL̂H andR̂H ,
then the Liouville–von Neumannequation~8! for the pure
stateurC) hasthe form

d

dt
urC)5 (

k51

s

F̂kurC)Nk~E,E !,

wherethe functionsNk(E,E) aredefinedby

Nk~E,E !5„IuNk~ L̂H ,R̂H!urC….

If all functionsNk(E,E) areequalto zero

Nk~E,E !50, ~10!

thenthe stationarystateurC) of the closedquantumsystem
~9! is the stationarystateof the openquantumsystem~8!.

Note that functionsNk(E,E) areeigenvaluesand urC) is
the eigenvectorof superoperatorsNk(L̂H ,R̂H), since

Nk~ L̂H ,R̂H!urC)5urC)Nk~E,E !.

Thereforestationarystatesof the openquantumsystem~8!
are defined by zero eigenvalues of superoperators
Nk(L̂H ,R̂H).

IV. OPEN SYSTEMS WITH OSCILLATOR
STATIONARY STATES

In this section,simpleexamplesof openquantumsystems
~8! areconsidered.

~1! Let us considerthe nonlinearoscillator with friction
definedby the equation

d

dt
r t52

i

\
@H̃,r t#2

i

2\
b@q2,p2r t1r tp

2#, ~11!

wherethe operatorH̃ is the Hamiltom operatorof the non-
linear oscillator:

H̃5

p2

2m
1

mV2q2

2
1

gq4

2
.

Equation~11! canbe rewritten in the form
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d

dt
ur t)5L̂H

2ur t)12mbL̂q2
2

3S 1

2m
~ L̂p

1!2
1

g

2mb
~ L̂q

1!2
2

D

4b
L̂ ID ur t),

~12!

whereD5V2
2v2 and the superoperatorL̂H

2 is definedfor
theHamiltonoperatorH of the linearharmonicoscillatorby
Eqs.~2! and ~6!. Equation~12! hasthe form ~8!, with

N~ L̂H ,R̂H!5

1

2
~ L̂H1R̂H!2

D

2b
L̂ I , F̂52mbL̂q2

2 .

In this casethe function N(E,E) hasthe form

N~E,E !5E2

D

2b
,

Let g5bm2v2. Theopenquantumsystem~11! hasonesta-
tionary stateof the linear harmonicoscillator with energy
En5(\v/2)(2n11), if D52b\v(2n11), where n is an
integernon-negativenumber. This stationarystateis oneof
thestationarystatesof thelinearharmonicoscillatorwith the
massm andfrequencyv. In this casewe canhavethequan-
tum analogof dynamicalHopf bifurcation @19,39#.

~2! Let usconsidertheopenquantumsystemdescribedby
the time evolutionequation

d

dt
ur t)5L̂H

2ur t)1L̂q
2cosS p

«0
L̂H

1D ur t), ~13!

wherethe superoperatorL̂H
2 is definedby formulas~2! and

~6!. Equation~13! hasthe form ~8! if the superoperatorsF̂
andN(L̂H ,R̂H) aredefinedby

F̂52

i

\
~ L̂q2R̂q!,

N~ L̂H ,R̂H!5cosS p

2«0
~ L̂H1R̂H! D

5 (
m50

`
1

~2m !! S ip

2«0
D 2m

~ L̂H1R̂H!2m. ~14!

The function N(E,E) hasthe form

N~E,E !5cosS pE

«0
D5 (

m50

`
1

~2m !! S ipE

«0
D 2m

.

The stationarystatecondition ~10! hasthe solution

E5

«0

2
~2n11!,

wheren is anintegernumber. If parameter«0 is equalto \v,
then quantumsystems~13! and ~14! have pure stationary
statesof the linear harmonicoscillator with the energy ~7!.

As the result, stationarystatesof openthe quantumsystem
~13! coincide with pure stationarystatesof the linear har-
monic oscillator. If the parameter«0 is equal to \v(2m
11), then quantumsystems~13! and ~14! have stationary
statesof the linear harmonicoscillator with n(k,m)52km
1k1m and

En(k,m)5
\v

2
~2k11!~2m11!.

~3! Let us consider the superoperator function
Nk(L̂H ,R̂H) in the form

Nk~ L̂H ,R̂H!5

1

2\ (
n,m

vknvkm* ~2L̂H
n R̂H

m
2L̂H

n1m
2R̂H

n1m!,

and all superoperatorsF̂k are equalto L̂ I . In this case,the
Liouville–von Neumannequation~8! canbe representedby
the Lindblad equation@40,41,36#:

d

dt
ur t)52

i

\
~ L̂H2R̂H!ur t)1

1

2\ (
j

~2L̂Vk
R̂V

k
†2L̂Vk

L̂V
k
†

2R̂V
k
†R̂Vk

!ur t), ~15!

with linear operatorsVk definedby

Vk5(
n

vknHn, Vk
†
5(

m
vkm* Hm. ~16!

If urC) is a pure stationary state ~5!, then all functions
Nk(E,E) areequalto zeroandthis stateurC) is a stationary
stateof the openquantumsystem~15!.

If the Hamilton operatorH is definedby

H5

1

2m
p2

1

mv2

2
q2

1

l

2
~qp1pq !, ~17!

thenwe havesomegeneralizationof the quantummodelfor
the Brownianmotion of a harmonicoscillatorconsideredin
Ref. @11#. Note that in themodel@11# operatorsVk arelinear
Vk5akp1bkq, but in our generalizations~15! and~16! these
operatorsarenonlinear. For example,we canuse

Vk5akp1bkq1ckp2
1dkq2

1ek~qp1pq !.

The caseck5dk5ek50 is consideredin Ref. @11#. Let real
parametersa andb exist and

bk5aak , ck5bak , dk5m2v2bak , ek5mlbak .

In this case,the purestationarystatesof the linear oscillator
~17! exist if v.l andthe variableE is equalto

En5
1
2 \v~2n11!A12l2/v2.

V. DYNAMICAL BIFURCATIONS AND CATASTROPHES

Let us considera specialcaseof openquantumsystems
~8! suchthat the vector function
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Nk~E,E !5„IuNk~ L̂H ,R̂H!ur…

be a potentialfunction and the Hamilton operatorH canbe
representedin the form

H5 (
k51

s

Hk .

In this casewe havea function V(E) calledpotential,such
that the following conditionsaresatisfied:

]V~E !

]Ek
5Nk~E,E !,

where Ek5(IuL̂Hk
ur)5(IuR̂Hk

ur). If potential V(E) exists,
thenthestationarystatecondition~10! for theopenquantum
system~8! is definedby critical pointsof thepotentialV(E).
If thesystemhasonevariableE, thenthefunctionN(E,E) is
alwaysa potential function. In general,the vector function
Nk(E,E) is potential,if

]Nk~E,E !

]E l
5

]N l~E,E !

]Ek
.

Stationarystatesof the open quantumsystem~8! with the
potentialvector function Nk(E,E) dependon critical points
of the potential V(E). It allows one to use the theory of
bifurcationsandcatastrophesfor the parametricsetof func-
tionsV(E). Note thata bifurcationin a vectorspaceof vari-
ables E5$Ekuk51, . . . ,s% is a bifurcation in the vector
spaceof eigenvaluesof the Hamilton operatorHk .

For the polynomial superoperatorfunction Nk(L̂H ,R̂H),
we have

Nk~ L̂H ,R̂H!5 (
n50

N

(
m50

n

an,m
(k) L̂H

mR̂H
n2m .

In general,m andn aremulti-indices.The functionNk(E,E)
is a polynomial,

Nk~E,E !5 (
n50

N

an
(k)En,

wherethe coefficientsan
(k) aredefinedby

an
(k)

5 (
m50

n

an,m
(k) .

We can define the variables x l5E l2a l (l51, . . . ,s),
such that functions Nk(E,E)5Nk(x1a,x1a) do not have
the termsx l

n21 .

Nk~x1a,x1a !5 (
n50

N

an
(k)~x1a (k)!n

5 (
n50

N

(
m50

n

an
(k) n!

m! ~n2m !!
xm~a (k)!n2m.

If the coefficientof the term x l
n l21 is equalto zero

an l

(k) n l!

~n l21!!
a l

(k)
1an l21

(k)
5an l

(k)n la l
(k)

1an l21
(k)

50,

thenwe havethe following coefficients:

a l
(k)

52

an l21
(k)

n lan l

(k)
.

If we changeparametersan
(k) , thenanopenquantumsys-

tem can havepure stationarystatesof the system.For ex-
ample,the bifurcationwith the birth of linear oscillatorpure
stationarystateis a quantumanalogof dynamicalHopf bi-
furcation @19,39# for a classicaldynamicalsystem.

Let a vector space of energy variables E be a one-
dimensionalspace.If the function N(E,E) is equalto

N~E,E !56anEn
1 (

j51

n21

a jE
j, n>2,

thenthepotentialV(x) is definedby the following equation:

V~x !56xn11
1 (

j51

n21

a jx
j, n>2,

andwe havecatastropheof type A6n .
If we have s variables E l , where l51,2, . . . ,s, then

quantum analogsof elementarycatastrophesA6n , D6n ,
E66 , E7, andE8 canberealizedfor openquantumsystems.
Let us write the full list of potentialsV(x), which leadsto
elementary catastrophes~zero modal! defined by V(x)
5V0(x)1Q(x), where

A6n : V0~x !56x1
n11

1 (
j51

n21

a jx1
j , n>2,

D6n : V0~x !5x1
2x26x2

n21
1 (

j51

n23

a jx2
j
1 (

j5n22

n21

x1
j2(n23) ,

E66 : V0~x !5~x1
3
6x2

4!1(
j51

2

a jx2
j
1(

j53

5

a jx1x2
j23 ,

E7 : V0~x !5x1
3
1x1x2

3
1(

j51

4

a jx2
j
1(

j55

6

a jx1x2
j25 ,

E8 : V0~x !5x1
3
1x2

5
1(

j51

3

a jx2
j
1(

j54

7

a jx1x2
j24 .

Here Q(x) is the nondegeneratequadraticform with vari-
ablesx2 ,x3 , . . . ,xs for A6n and parametersx3 , . . . ,xs for
othercases.
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VI. FOLD CATASTROPHE

In this section,we suggestan exampleof the openquan-
tum systemwith catastropheA2 calledfold.

Let us considerthe Liouville–von Neumannequation~8!
for a nonlinearquantumoscillatorwith friction, wheremul-
tiplication superoperatorsL̂H and R̂H aredefinedby Eq. ~6!

and superoperatorsF̂ and N(L̂H ,R̂H) are given by the fol-
lowing equations:

F̂522L̂q
2L̂p

1 , ~18!

N~ L̂H ,R̂H!5a0L̂ I
1

1a1L̂H
1

1a2~ L̂H
1!2. ~19!

In this case,the function N(E,E) is equalto

N~E,E !5a01a1E1a2E2.

A purestationarystateurC) of the linear harmonicoscil-
lator is a stationarystateof theopenquantumsystem~19!, if
N(E,E)50. Let us define the new real variablex and pa-
rameterl by the following equation:

x5E1

a1

2a2
, l5

4a0a22a1
2

4a2
2

.

Then we have the stationarycondition N(E,E)50 in the
form x2

2l50. If l<0, thentheopenquantumsystemhas
no stationarystates.If l.0, then we havepure stationary
statesfor a discretesetof parametervaluesl. If parameters
a1 ,a2, andl satisfy the following conditions

2

a1

2a2
5\vS n1

1

2
1

m

2 D , l5\2v2
m2

4
,

wheren and m are non-negativeintegernumbers,then the
openquantumsystems~18! and ~19! havetwo purestation-
ary statesof the linear harmonicoscillator. The energies of
thesestatesareequalto

En5\v~n1
1
2 !, En1m5\v~n1m1

1
2 !.

VII. CONCLUSION

Open quantumsystemscan have pure stationarystates.
Stationarystatesof openquantumsystemscancoincidewith
purestationarystatesof closed~Hamiltonian! systems.As an
example,we suggestopenquantumsystemswith pure sta-
tionarystatesof linearoscillator. NotethatusingEq. ~8!, it is
easyto get open~dissipative! quantumsystemswith station-
ary statesof the hydrogenatom.For a specialcaseof open
systems,we canuseusualbifurcationandcatastrophetheory.
It is easyto derive quantumanalogsof classicaldynamical
bifurcations. Physical instanceswith bifurcation behavior
can be realized in quantumoptics @42# and deep inelastic
collisions @43#.

Openquantumsystemswith two stationarystatescanbe
consideredasqubits.It allows oneto consideropenn-qubit
quantumsystemdescribedby Eq. ~8! asa quantumcomputer
with purestates.In general,we canconsideropenanddissi-

pativequantumsystemsasa quantumcomputerwith mixed
states@44–46#. A mixedstate~operatorof densitymatrix! of
n two-level quantumsystems~open or closedn-qubit sys-
tem! is an elementof the 4n-dimensionaloperatorHilbert
space~Liouville space!. It allowsoneto usea quantumcom-
puter model with four-valued logic @44–46#. The quantum
gates of this model are real, completely positive, trace-
preservingsuperoperatorsthat act on mixed state @44,46#.
Bifurcationsof purequantumstatescanbeusedfor quantum
gatecontrol.
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APPENDIX

For theconceptof Liouville spaceandsuperoperatorssee
Refs.@20–37#.

Liouville space

Thespaceof linearoperatorsactingon a Hilbert spaceH
is a complexlinear spaceH̄. We denotean elementA of H̄

by a ket-vectoruA). The inner productof two elementsuA)
and uB) of H̄ is defined as (AuB)5Tr(A†B). The norm
iAi5A(AuA) is the Hilbert-Schmidtnorm of operatorA. A
new Hilbert spaceH̄ with the inner productis called Liou-
ville spaceattachedto H or the associatedHilbert space,or
Hilbert-Schmidtspace@20–37#.

Let $ux&% be an orthonormalbasisof H:

^xux8&5d~x2x8!, E dxux&^xu5I.

Then ux,x8)5uux&^x8u) is an orthonormalbasisof the Liou-
ville spaceH̄:

~x,x8uy ,y8!5d~x2x8!d~y2y8!,

E dxE dx8ux,x8)~x,x8u5 Î. ~A1!

For an arbitraryelementuA) of H̄ we have

uA)5E dxE dx8ux,x8)~x,x8uA !, ~A2!

where

~x,x8uA !5tr~~ ux&^x8u!†A !5tr~ ux8&^xuA !5^xuAux8&

5A~x,x8!

is a kernelof theoperatorA. An operatorr of densitymatrix
(trr51,r†

5r,r>0) canbeconsideredasanelementur) of
the Liouville spaceH̄. Using Eq. ~A2!, we get
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ur)5E dxE dx8ux,x8)~x,x8ur !, ~A3!

wherethe traceis representedby

~Iur !5trr5E dx ~x,xur !51.

Superoperators

Operatorsthat act on H̄ arecalledsuperoperatorsandwe
denotethem,in general,by a hat.

For an arbitrarysuperoperatorL̂ on H̄, which is defined
by

L̂uA)5uL̂~A !…,

we have

~x,x8uL̂uA !5E dyE dy8~x,x8uL̂uy ,y8!~y ,y8uA !

5E dyE dy8L~x,x8,y ,y8!A~y ,y8!,

whereL(x,x8,y ,y8) is a kernelof the superoperatorL̂.
Let A bea linearoperatorin theHilbert spaceH. We can

define the multiplication superoperatorsL̂A and R̂A by the
following equations:

L̂AuB)5uAB), R̂AuB)5uBA).

The superoperatorkernelscanbe easilyderived.For ex-
ample,in the basisux,x8) we have

~x,x8uL̂AuB !5E dyE dy8~x,x8uL̂Auy ,y8!~y ,y8uB !

5E dyE dy8LA~x,x8,y ,y8!B~y ,y8!.

Using

~x,x8uAB !5^xuABux8&5E dyE dy8^xuAuy&^y uBuy8&

3^y8ux8&,

we get kernelof the left multiplication superoperator

~ L̂A!~x,x8,y ,y8!5^xuAuy&^x8uy8&5A~x,y !d~x82y8!.

Left superoperatorsL̂A
6 are defined as Lie and Jordan

multiplication by

L̂A
2B5

1

i\
~AB2BA !, L̂A

1B5

1

2
~AB1BA !.

The left superoperatorsL̂A
6 andright superoperatorsR̂A

6 are
connectedby

L̂A
2

52R̂A
2 , L̂A

1
5R̂A

1 .

An algebraof the superoperatorsL̂A
6 is defined@8# by the

following relations:
~1! Lie relations

L̂A•B
2

5L̂A
2L̂B

2
2L̂B

2L̂A
2 .

~2! Jordanrelations

L̂ (A+B)+C
1

1L̂B
1L̂C

1L̂A
1

1L̂A
1L̂C

1L̂B
1

5L̂A+B
1 L̂C

1
1L̂B+C

1 L̂A
1

1L̂A+C
1 L̂B

1 ,

L̂ (A+B)+C
1

1L̂B
1L̂C

1L̂A
1

1L̂A
1L̂C

1L̂B
1

5L̂C
1L̂A+B

1
1L̂B

1L̂A+C
1

1L̂A
1L̂B+C

1 ,

L̂C
1L̂A+B

1
1L̂B

1L̂A+C
1

1L̂A
1L̂B+C

1
5L̂A+B

1 L̂C
1

1L̂B+C
1 L̂A

1
1L̂A+C

1 L̂B
1 .

~3! Mixed relations

L̂A•B
1

5L̂A
2L̂B

1
2L̂B

1L̂A
2 ,

L̂A+B
2

5L̂A
1L̂B

2
1L̂B

1L̂A
2 ,

L̂A+B
1

5L̂A
1L̂B

1
2

\2

4
L̂B

2L̂A
2 ,

L̂B
1L̂A

1
2L̂A

1L̂B
1

52

\2

4
L̂A•B

2 ,

where

A•B5

1

i\
~AB2BA !, A+B5

1

2
~AB1BA !.
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