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Lattice model with long-range interaction of power-law type that is connected with differ-
ence of non-integer order is suggested. The continuous limit maps the equations of motion
of lattice particles into continuum equations with fractional Grünwald–Letnikov–Riesz
derivatives. The suggested continuum equations describe fractional generalizations of
the gradient and integral elasticity. The proposed type of long-range interaction allows
us to have united approach to describe of lattice models for the fractional gradient and
fractional integral elasticity. Additional important advantages of this approach are the
following: (1) It is possible to use this model of long-range interaction in numerical simu-
lations since this type of interactions and the Grünwald–Letnikov derivatives are defined
by generalized finite difference; (2) The suggested model of long-range interaction leads
to an equation containing the sum of the Grünwald–Letnikov derivatives, which is equal
the Riesz’s derivative. This fact allows us to get particular analytical solutions of fractional
elasticity equations.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Discrete system of long-range interacting particles
serve as a model for numerous applications in mechanics
and physics (Dyson, 1969, 1971; Frohlich et al., 1978;
Nakano and Takahashi, 1994, 1995; Sousa, 2005; Campa
et al., 2009; Tarasov, 2006b; Tarasov and Zaslavsky,
2006; Laskin and Zaslavsky, 2006; Zaslavsky et al., 2007).
Long-range interactions are important type of interactions
for complex media with non-local properties (see refer-
ences in Tarasov, 2011a).

Using the fractional calculus (Samko et al., 1987; Kilbas
et al., 2006), we consider long-range interaction of a spe-
cial type to describe a fractional generalization of elasticity
theory. We transform the set of equations of motion of
coupled individual lattice particles into the equation of
non-local continuum that contains spatial derivatives of
non-integer orders. It allows us to consider different lattice
models for generalization of elasticity theory by applying
methods of fractional calculus. The theory of fractional
derivatives and integrals has wide applications (Carpinteri
and Mainardi, 1997; Hilfer, 2000; Luo and Afraimovich,
2010; Klafter et al., 2011; Mainardi, 2010; Tarasov,
2011b; Uchaikin et al., 2013; Tarasov, 2011a, 2013) and
it is a powerful tool for the analysis of different nonlocal
continuum models with nonlocality of power-law type.

Non-local continuum mechanics has been treated with
two different approaches: the gradient models (weak
non-locality) and the integral models (strong non-locality).
The correspondent constitutive relations have the form

rij ¼ Cijklðekl � l2
sLeklÞ;

where Cijkl is the elasticity tensor, eij and rij are the strain
and stress tensors, respectively. The additional parameter
ls is an internal length scale that can be defined by lattice
constant. The operator L is the integral or differential
operator of integer order (Eringen and Edelen, 1972; Askes
et al., 2002, 2008; Askes and Sluys, 2002; Askes and Aifantis,
2011). Recently, the problems of non-local continuum are
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described by means of fractional calculus. Fractional mod-
els of integral non-local elasticity are considered in Lazo-
poulos (2006), Carpinteri et al. (2009, 2011), Sapora et al.
(2013), Cottone et al. (2009,) and Cornetti et al. In
fractional elasticity models, the operator L is the integral
or differential operator of non-integer order. To generalize
continuum equations by using fractional calculus, we
should represent these equation through the dimension-
less coordinate variables. Therefore the coordinates
x; y; z, the vector r, the value r ¼ jrj, and the parameter
l2
s are dimensionless in the suggested fractional models.

In this paper we consider one-dimensional lattice model
with long-range interactions of Grünwald–Letnikov–Riesz
type (Tarasov, 2011a). A feature of suggested long-range
interactions is that the interactions terms have the form
of fractional differences of non-integer orders. The first
advantage of this approach is based on the properties of
the Grünwald–Letnikov fractional derivative (Samko
et al., 1987; Kilbas et al., 2006). The suggested type of
long-range interaction of lattice particles allows us to have
united description of lattice models for the fractional gra-
dient and fractional integral elasticity that is characterized
by the non-locality of power-law type. The second
important advantage of suggested approach is the ability
to directly use the model of long-range interaction in
numerical simulations since this type of interactions and
the Grünwald–Letnikov derivatives are defined by general-
ized difference of non-integer order. We assume that the
suggested form of long-range interaction can be used for
different scheme of simulations in fractional gradient and
integral elasticity models.

There are some problems with application of the Grün-
wald–Letnikov derivatives, since there are currently very
limited number of analytical solutions for differential
equations with fractional Grünwald–Letnikov derivatives
in contrast to the equations with derivatives of Riemann–
Liouville, Caputo and Riesz types (Kilbas et al., 2006). We
note that the suggested model of long-range interaction
leads to an equation containing the sum of the Grün-
wald–Letnikov derivatives, which is equal the Riesz deriv-
ative. Using this connection, we derive some particular
analytical solutions (Kilbas et al., 2006) for fractional elas-
ticity equations with the Riesz derivatives of non-integer
orders.

2. Grünwald–Letnikov fractional derivatives and
integrals

2.1. Fractional differences of non-integer orders

The Grünwald–Letnikov derivatives have been intro-
duced by Grünwald in 1867 and independently by Letnikov
in 1868. Definition of the Grünwald–Letnikov fractional
derivatives are based on a generalization of the usual differ-
entiation of a function f ðxÞ of integer order n of the forms

Dn
x f ðxÞ ¼ lim

h!0

Dn
hf ðxÞ
hn ;

Dn
x f ðxÞ ¼ lim

h!0

rn
hf ðxÞ
hn ;
where Dn
h and rn

h are forward and backward finite differ-
ences of order n of a function f ðxÞ with a step h and cen-
tered at the point x. The nth-order forward and backward
differences are respectively given by

Dn
hf ðxÞ ¼

Xn

k¼0

ð�1Þk
n

k

� �
f ðxþ ðn� kÞhÞ; ð1Þ

rn
hf ðxÞ ¼

Xn

k¼0

ð�1Þk
n

k

� �
f ðx� khÞ: ð2Þ

Note that

Dn
hf ðxÞ ¼ ð�1Þnrn

�hf ðxÞ: ð3Þ

The difference of a fractional order a > 0 is defined by the
infinite series (see Section 20 in Samko et al., 1987)

ra
hf ðxÞ ¼

X1
k¼0

ð�1Þk
a
k

� �
f ðx� khÞ; ð4Þ

where the binomial coefficients are

a
k

� �
¼ Cðaþ 1Þ

Cðkþ 1ÞCða� kþ 1Þ :

For h > 0, the difference (4) is called left-sided fractional dif-
ference, and for h < 0 it is called a right-sided fractional dif-
ference. We note that the series in (4) converges absolutely
and uniformly for every bounded function f ðxÞ and a > 0.

For the fractional difference, the semigroup property

ra
hrb

hf ðxÞ ¼ raþb
h f ðxÞ; ða > 0; b > 0Þ ð5Þ

is valid for any bounded function f ðxÞ (see Property 2.29 in
Kilbas et al., 2006 page 121).

The Fourier transform of the fractional difference is gi-
ven by

Ffra
hf ðxÞgðkÞ ¼ ð1� expfikhgÞaFff ðxÞgðkÞ

for any function f ðxÞ 2 L1ðRÞ (see Property in Kilbas et al.,
2006 page 121).

2.2. Grünwald–Letnikov fractional derivatives

The definitions (1) and (2) are used to define the Grün-
wald–Letnikov fractional derivatives by replacing n 2 N in
by a > 0. The value hn is replaced by ha, while the finite dif-
ference rn

h is replaced by the difference ra
h of a fractional

order a.
The left- and right-sided Grünwald–Letnikov deriva-

tives of order a > 0 are defined by

GLDa
x�f ðxÞ ¼ lim

h!0þ

ra
�hf ðxÞ
jhja

: ð6Þ

Note that the Grünwald–Letnikov derivatives for integer
orders a ¼ n 2 N is

GLDn
x�f ðxÞ ¼ ð�1Þn Dn

x : ð7Þ

We also note that these derivatives coincide with the
Marchaud fractional derivatives of order a > 0 for f ðxÞ 2
LpðRÞ; 1 6 p <1 (see Theorem 20.4 in Samko et al.,
1987). The properties of the Grünwald–Letnikov fractional
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derivatives is described in Section 20 of the book (Samko
et al., 1987). Then (6) can be represented by the Marchaud
fractional derivatives

GLDa
x�f ðxÞ ¼ a

Cð1� aÞ

Z 1

0

f ðxÞ � f ðx� zÞ
zaþ1 dz;

if f ðxÞ 2 LpðRÞ, where 1 < p < 1=a and 0 < a < 1.

2.3. Grünwald–Letnikov fractional integral

It is interesting that series (4) can be used for a < 0 (see
Section 20 in Samko et al., 1987) and Eq. (6) defines the
Grünwald–Letnikov fractional integral if

jf ðxÞj < cð1þ jxjÞ�l; l > jaj: ð8Þ

The existence of the Grünwald–Letnikov fractional inte-
gral means that we have a united definition of fractional
derivatives and integrals. It allows us to have a united ap-
proach to the fractional gradient and integral elasticity.

2.4. Commutativity and associativity of Grünwald–Letnikov
derivatives

In Ortigueira et al. (2012) has been showed that, for
analytic functions, the fractional derivatives of the Grün-
wald–Letnikov type have some nice and useful properties
and a semi-group structure. It is connected with the fact
that differences of fractional order satisfy the semigroup
property (5). Using the semi-group property
GLDa

x�
GLDb

x� ¼ GLDaþb
x� ; ða > 0; b > 0Þ: ð9Þ

Ortigueira, Rivero, Trujillo proved (Ortigueira et al.,
2012) that the Grünwald–Letnikov derivatives are commu-
tative and associative operators. These properties are very
important to application in mechanics, but only a few
types of fractional derivatives have them. These properties
allow us to represent a single fractional derivative, which
appears in the equation of the lattice model, as a product
of derivatives, and thus get the fractional gradient and
integral elastic constitutive relations.

2.5. Grünwald–Letnikov–Riesz fractional derivative

We can define a fractional derivative of order a > 0 by

GLRDa
x f ðxÞ ¼ 1

2 cosðap=2Þ lim
h!0þ

ra
hf ðxÞ þ ra

�hf ðxÞ
jhja

: ð10Þ

This derivative coincide (see Section 20.1 in Samko
et al., 1987) with the Riesz fractional derivative RDa

x of or-
der a > 0 if a – 1;2;3; . . ., i.e. we have the relation

GLRDa
x f ðxÞ ¼ RDa

x f ðxÞ; ð11Þ

where

RDa
x f ðxÞ ¼ � a

2Cð1� aÞ cosðap=2ÞZ 1

0

f ðxþ zÞ � 2f ðxÞ þ f ðx� zÞ
zaþ1 dz: ð12Þ

Therefore the fractional derivative (10) is called the
Grünwald–Letnikov–Riesz derivatives of order a > 0
(a – 1;2;3; . . .) in Samko et al. (1987).
3. Lattice with linear nearest-neighbor interaction

Let us consider equations of motion for particles with
the nearest-neighbor interaction of the form

M
@2

@t2 unðtÞ ¼ KÂk
nukðtÞ þ FnðtÞ; ð13Þ

where

Âm
n umðtÞ ¼

Xm¼1

m¼0

ð�1Þmþ1 unþmðtÞ þ un�mðtÞð Þ:

For these equations we can give the well-known state-
ment regarding the nearest-neighbor interaction (see for
example Maslov, 1976; Tarasov, 2006a,b).

Proposition 1. In the continuous limit the lattice equations
of motion (13) maps into the continuum equation

@2uðx; tÞ
@t2 ¼ C2

e
@2uðx; tÞ
@x2 þ 1

q
f ðx; tÞ; ð14Þ

with the mass density q ¼ M=Ah, the Young’s modulus
E ¼ Kh=A, the force density f ðx; tÞ ¼ Fðx; tÞ=Ah, the cross-sec-
tion area of the medium A and the inter-particle distance h,
where

C2
e ¼

E
q
¼ K h2

M
ð15Þ

is a finite parameter.
Proof. To derive the equation for the field ûðk; tÞ, we mul-
tiply Eq. (13) by expð�iknDxÞ, where Dx ¼ h and summing
over n from �1 to þ1. Then

M
Xþ1

n¼�1
e�iknDx @

2un

@t2 ¼ K
Xþ1

n¼�1
e�iknDx½unþ1 � 2un þ un�1�

þ
Xþ1

n¼�1
e�iknDxFðn; tÞ: ð16Þ

The first term on the right-hand side of (16) is

Xþ1
n¼�1

e�iknDx unþ1 � 2un þ un�1ð Þ

¼
Xþ1

n¼�1
e�iknDxunþ1 � 2

Xþ1
n¼�1

e�iknDxun þ
Xþ1

n¼�1
e�iknDxun�1

¼ eikDx
Xþ1

m¼�1
e�ikmDxum � 2

Xþ1
n¼�1

e�iknDxun

þ e�ikDx
Xþ1

s¼�1
e�iksDxus

¼ eikDxûðk; tÞ � 2ûðk; tÞ þ e�ikDxûðk; tÞ
¼ ½eikDx þ e�ikDx � 2�ûðk; tÞ ¼ 2 cos kDxð Þ � 1ð Þûðk; tÞ

¼ �4 sin2 kDx
2

� �
ûðk; tÞ:

Here we use the definition of ûðk; tÞ on ½�k0=2; k0=2� by the
equation

ûðk; tÞ ¼
Xþ1

n¼�1
unðtÞ e�ikxn ¼ FDfunðtÞg ð17Þ
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and xn ¼ nh, where h ¼ 2p=k0 is distance between equilib-
rium positions of the lattice particles.

As a result, we have

M
@2ûðk; tÞ
@t2 ¼ K ĴaðkDxÞ ûðk; tÞ þ FDfFnðtÞg; ð18Þ

where

ĴaðkDxÞ ¼ �4 sin2 kDx
2

� �
: ð19Þ

For h ¼ Dx! 0, the asymptotic behavior of the sine is
sinðkDx=2Þ � kDx=2. Then (19) can be represented by

ĴaðkDxÞ � � kDxð Þ2:

Using the finite parameter C2
e ¼ K h2

=M, after division by
the cross-section area of the medium A and the inter-par-
ticle distance h, the transition to the limit h ¼ Dx! 0 in
Eq. (18) gives

@2~uðk; tÞ
@t2 ¼ �C2

e k2~uðk; tÞ þ 1
q
Fff ðx; tÞg; ð20Þ

where we use 0 < jC2
e j <1. The inverse Fourier transform

F�1 of (20) has the form

@2F�1f~uðk; tÞg
@t2 ¼ �C2

e F�1fk2~uðk; tÞg þ 1
q

f ðx; tÞ:

Then we can use the connection between second deriva-
tive and its Fourier transform in the form k2 $ �@2=@x2.
As a result, we obtain the continuum Eq. (14). h

As a result, we prove that Eq. (13) give the continuum
equation with derivatives of second order only.

4. Lattice with Grünwald–Letnikov–Riesz long-range
interaction

In this section we describe the type of long-range inter-
action that is suggested in Tarasov (2011a, see Sec-
tion 8.19). Let us consider a lattice system of interacting
particles, whose displacements from the equilibrium are
unðtÞ, where n 2 Z. We assume that the system is described
by the equations of motion

M
@2

@t2 unðtÞ þ g B̂m
n ðaÞumðtÞ � FnðtÞ ¼ 0; ð21Þ

where g is the coupling constant for long-range interaction
that have the form

B̂m
n ðaÞumðtÞ ¼

Xþ1
m¼0

baðmÞ unþmðtÞ þ un�mðtÞð Þ ð22Þ

and the function baðmÞ is

baðmÞ ¼
ð�1Þm

Cðmþ 1ÞCða�mþ 1Þ : ð23Þ

This type of long-range interaction has been called the
Grünwald–Letnikov–Riesz interaction (see Section 8.19 in
Tarasov, 2011a). Let us give the main statement regarding
this interaction.
Proposition 2. In the limit h! 0 lattice equations (21) and
(22) with (23) give the continuum equation

@2uðx; tÞ
@t2 þ CðaÞGLRDa

x uðx; tÞ � 1
q

f ðx; tÞ ¼ 0;

ða 2 R; a – � 1;�3;�5; . . .Þ; ð24Þ

where

CðaÞ ¼ 2 cosðap=2Þg ha

Cðaþ 1ÞM ð25Þ

is a finite parameter, and

GLRDa
x ¼

1
2 cosðap=2Þ

GLDa
xþ þ GLDa

x�
� �

ð26Þ

is the Grünwald–Letnikov–Riesz fractional derivative of order
a, and uðx; tÞ is a smooth function such that uðnh; tÞ ¼ unðtÞ.
Proof. We define smooth functions uðx; tÞ and Fðx; tÞ such
that

uðnh; tÞ ¼ unðtÞ; Fðnh; tÞ ¼ FnðtÞ:

Then Eqs. (21) and (22) with (23) can be represented as

@2uðx; tÞ
@t2 þ g ha

M

Xþ1
m¼0

baðmÞ
1
ha uðxþmh; tÞ þ uðx�mh; tÞð Þ

� 1
M

Fðx; tÞ ¼ 0: ð27Þ

After division by the cross-section area of the medium A
and the inter-particle distance h it is found that

@2uðx; tÞ
@t2 þ CðaÞ

2 cosðap=2Þ
Xþ1
m¼0

ð�1Þm Cðaþ 1Þ
Cða�mþ 1ÞCðmþ 1Þ

� uðxþmh; tÞ þ uðx�mh; tÞ
ha � 1

q
f ðx; tÞ ¼ 0 ð28Þ

with the mass density q ¼ M=Ah, the force density
f ðx; tÞ ¼ Fðx; tÞ=Ah, and CðaÞ is defined by (25). Using the
definitions of the left-sided and right-sided fractional dif-
ferences and the limit h! 0þ, we obtain

@2uðx; tÞ
@t2 þ CðaÞ

2 cosðap=2Þ lim
h!0

ra
huðx; tÞ þ ra

�huðx; tÞ
jhja

� 1
q

f ðx; tÞ ¼ 0: ð29Þ

Using the Grünwald–Letnikov–Riesz derivative (10), Eq.
(29) can be rewritten in the form (24). h
5. Fractional gradient and integral elasticity of
Grünwald–Letnikov–Riesz type

Let us consider a system of interacting particles, whose
displacements from the equilibrium are unðtÞ, where n 2 Z.
We assume that the system is described by the equations
of motion

M
@2unðtÞ
@t2 � K Âm

n umðtÞ þ gB̂m
n ðaÞumðtÞ � FnðtÞ ¼ 0: ð30Þ

In the limit h! 0 Eq. (30) gives the continuous medium
equation
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@2uðx; tÞ
@t2 � C2

e
@2uðx; tÞ
@x2 þ CðaÞGLRDa

x uðx; tÞ � 1
q

f ðx; tÞ ¼ 0;

ð31Þ

where C2
e is defined by (15), CðaÞ is defined by (25), and

a 2 R; a – � 1;�3;�5; . . . :

Let us consider Eq. (31) for two cases: a > 2 and
0 < a < 2.

For a > 2, we can use GLD1
x� ¼ �D1

x , and the semi-group
property (9), to represent the Grünwald–Letnikov deriva-
tives in the form

GLDa
x� ¼ D1

x
GLDa�2

x� D1
x ða > 2Þ: ð32Þ

Therefore, we have

GLDa
xþ þ GLDa

x� ¼ D1
x

GLDa�2
xþ þ GLDa�2

x�

� �
D1

x : ð33Þ

As a result, we can use

GLRDa
x ¼ D1

x
GLRDa�2

x D1
x ð34Þ

in order to rewrite Eq. (31) in the form

@2uðx; tÞ
@t2 � C2

e D2
x uðx; tÞ þ CðaÞD1

x
GLRDa�2

x D1
x uðx; tÞ

� 1
q

f ðx; tÞ ¼ 0: ð35Þ

The correspondent constitutive relation for the continuum
equation (35) can be derived by the momentum balance
equation

q
@2uðx; tÞ
@t2 ¼ D1

xrðxÞ þ f ðx; tÞ ð36Þ

and the strain–displacement relation for small
deformations

eðxÞ ¼ D1
x uðxÞ: ð37Þ

The commutative and associative properties of fractional
Grünwald–Letnikov derivative and relation (32) allow us
to represent a single fractional derivative in Eq. (24), as a
product of derivatives, and thus get the fractional gradient
constitutive relations.

Using (36) and (37), Eq. (35) gives the fractional consti-
tutive relation in the following form

rðx; tÞ ¼ E eðx; tÞ � l2
s ðaÞ RDa�2

x eðx; tÞ
� �

ða > 2Þ; ð38Þ

where E is the Young’s modulus, RDa�2
x is the Riesz frac-

tional derivative of order a� 2, which is equivalent by
(11) to the Grünwald–Letnikov–Riesz fractional derivative
GLRDa�2

x . As a result, we can state that Eq. (31) with a > 2
describes a fractional gradient elasticity. In Eq. (38), we use

l2
s ðaÞ ¼

jCðaÞjq
E

¼ 2 jgjha�2

K
j cosðap=2Þj

Cðaþ 1Þ ð39Þ

is the scale parameter of fractional elasticity. Sign in front
of this scale parameter l2

s ðaÞ in Eq. (38) is determined by
the sign of the expression g cosðap=2Þ, i.e. the sign of the
coupling constant g of lattice vibrations and the value of
the order a of long-rang interactions. If g cosðap=2Þ > 0,
then we get the minus in front of l2

s ðaÞ in (39). For the case
a ¼ 4 and g > 0, we derive the constitutive relations for the
gradient elasticity model with the minus in front of l2

s . We
get the equations for phenomenological gradient elasticity
model from the lattice model equations. Note that nor-
mally it is considered a phenomenological model does
not have a corresponding microscopic model (Askes and
Aifantis, 2011).

For the case 0 < a < 2, we cannot use the properties
(32) and (34) because semi-group relation (9) holds for po-
sitive orders. For 0 < a < 2, we can use the relation (11)
and the Riesz’s analytic continuation (see Eq. (17) in Riesz,
1949) of fractional integrals of order a to negative values of
orders a > �p in the form

RIa ¼ ð�1Þp RIaþ2p Dp; ð40Þ

where p 2 N and RIaþ2p is the Riesz fractional integral of or-
der aþ 2p. Using Eqs. (17), (21) and (22) from the Riesz’s
review paper Riesz, 1949, we get

RDa
x ¼ � RI2�a D ¼ D RI4�a D: ð41Þ

For one-dimensional case, we have D ¼ ðD1
x Þ

2
, and we can

use the relation

RDa
x ¼ D RI4�a D ¼ D1

x J2�a
x D1

x ; ð42Þ

where J2�a
x is the fractional integral operator of order

ð2� aÞ that is defined by

J2�a
x ¼ D1

x
RI4�a

x D1
x : ð43Þ

As a result, Eq. (31) with a < 2 describes a fractional inte-
gral elasticity. Using (36), (37) and (42), Eq. (31) gives the
fractional constitutive relation in the following form

rðx; tÞ ¼ E eðx; tÞ � l2
s ðaÞ RJ2�a

x eðx; tÞ
� �

ð0 < a < 2Þ; ð44Þ

where J2�a
x is the fractional integral (43) of order

0 < 2� a < 2, and l2
s ðaÞ is defined by (39). Sign in front of

this scale parameter l2
s ðaÞ in Eq. (44) is also determined

by the sign of the expression g cosðap=2Þ.
Let us give a remark about the scale parameter lsðaÞ. Eq.

(39) can lead to incorrect conclusion about the behavior of
the parameter l2

s ðaÞ for h! 0 in the case 0 < a < 2. Using
(15), the dimensionless parameter (39) can be written as

l2
s ðaÞ ¼

2 jgjha

C2
e M

j cosðap=2Þj
Cðaþ 1Þ : ð45Þ

Because the value of C2
e if finite, then behavior of the

parameter l2
s ðaÞ for h! 0 has the identical type for a > 2

and 0 < a < 2, such that l2
s ðaÞ is proportion to ha.

As a result, Eqs. (38) and (44) describe the fractional
gradient and fractional integral elasticity of non-local
continuum. If 0 < a < 2, we have a fractional integral
elasticity, and if a > 2, then equation describes fractional
gradient elasticity. It can call the fractional elasticity of
Grünwald–Letnikov–Riesz type.
6. Solutions of fractional elasticity equations

Let us consider more general lattice system of interact-
ing particles that is described by the equations of motion
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M
@2unðtÞ
@t2 þ K Âm

n umðtÞ þ
XN

k¼1

gk B̂m
n ðakÞumðtÞ ¼ FnðtÞ: ð46Þ

The correspondent continuum equation for the fractional
elasticity of the Grünwald–Letnikov–Riesz type has the
form

@2uðx; tÞ
@t2 � C2

e D2
x uðx; tÞ þ

XN

k¼1

CðakÞ RDak
x uðxÞ ¼ 1

q
f ðxÞ: ð47Þ

Here to get analytical solution of the fractional equations
of nonlocal elasticity, we use the equivalence (see Sec-
tion 20.1 in Samko et al., 1987) of the Grünwald–Letni-
kov–Riesz derivative GLRDa

x and the Riesz derivative RDa
x in

the form

GLRDa
x ¼

1
2 cosðap=2Þ

GLDa
xþ þ GLDa

x�
� �

¼ RDa
x : ð48Þ

Eq. (47) can be considered as a fractional generalization of
the higher-order strain-gradient models (Askes and Sluys,
2002) and the higher-order integral elasticity models. In
the static case (D2

t uðx; tÞ ¼ 0) the fractional elasticity Eqs.
(47) is

XN

k¼1

CðakÞ RDak
x uðxÞ � C2

e D2
x uðxÞ ¼ 1

q
f ðxÞ; ð49Þ

where x 2 R; N 2 N and m – 1;CðakÞ 2 R, aN > 	 	 	a1 > 0
Eqs. (47) and (49) involve the one-dimensional Riesz

fractional derivatives given by

RDak
x uðxÞ ¼ 1

d1ðl;akÞ

Z 1

�1

ðDm
z uÞðzÞ
jzjakþ1dz

; ð50Þ

where ak < l; k ¼ 1;2; . . . ;m, and ðDm
z f ÞðzÞ is a finite differ-

ence of order m of a function f ðxÞ with a vector step z 2 R

and centered at the point x 2 R:

ðDm
z f ÞðzÞ ¼

Xm

k¼0

ð�1Þk m!

k!ðm� kÞ! f ðx� kzÞ:

The constant dnðm;aÞ is defined by

d1ðm;aÞ ¼
p3=2AmðaÞ

2aCð1þ a=2ÞCð1=2þ a=2Þ sinðpa=2Þ
;

where

AmðaÞ ¼
Xm

j¼0

ð�1Þj�1 m!

j!ðm� jÞ! ja:

Note that the hypersingular integral Da
x f ðxÞ does not de-

pend on the choice of m > a.
Eq. (49) are solvable, and it particular solutions are gi-

ven (see Theorem 5.25 in Kilbas et al., 2006) by the formula

uðxÞ ¼ 1
q

Z þ1

�1
Gaðx� zÞ f ðzÞdz; ð51Þ

where

Gaðx� zÞ ¼ 1
p

Z 1

0

Xm

k¼1

CðakÞkak þ C2
e k

2

 !�1

cosðkjxjÞdk:

ð52Þ
Let us consider one-dimensional Thomson (1848)
problem (Landau and Lifshitz, 1986). We determine the
deformation of an infinite elastic continuum, when a force
is applied to a small region in it. We consider one-
dimensional elastic media with power-law nonlocality that
is described by the equation

�C2
e D2

x uðxÞ þ CðaÞ RDa
x uðxÞ ¼ 1

q
f ðxÞ: ð53Þ

Note that Eq. (53) coincides with Eq. (31) for static case.
If we consider the deformation at positions x, which are
larger compare with the size of the region, where the force
is applied, we can suppose that the force is applied at a
point. In this case, we have

f ðxÞ ¼ f0dðxÞ: ð54Þ

Then the deformation, which is a particular solution of
Eq. (53), will be described by the equation

uðxÞ ¼ f0

pq

Z 1

0

cosðkjxjÞ
C2

e k2 þ CðaÞka dk: ð55Þ

If 0 < a < 2, the solution (55) corresponds to the frac-
tional integral elasticity, and if a > 2, then the solution
(55) corresponds to the fractional gradient elasticity.

We can consider more general model of lattice with
long-range interaction in R3, where all particles are dis-
placed from its equilibrium in one direction, and the dis-
placement of particles is described by a scalar field uðxÞ,
where x ¼ jrj and r 2 R3. The correspondent continuum
equation of the fractional elasticity model is

�DuðxÞ þ CðaÞ
C2

e

ðð�DÞa=2uÞðxÞ ¼ 1
C2

e q
f ðxÞ; ð56Þ

where ð�DÞa=2 is the fractional Laplacian (Kilbas et al.,
2006). The displacement vector uðxÞ of the point force
(54) has the following form

uðxÞ ¼ 1
4pC2

eq
f0

x
	 C2;aðxÞ; ð57Þ

where x ¼ jrj, and

C2;aðxÞ ¼
2
p

Z 1

0

k sinðkxÞ
k2 þ ðCðaÞ=C2

e Þk
a dk: ð58Þ

We note that the asymptotic behavior x ¼ jrj ! 0 of the
scalar field uðxÞ does not depend on the parameter a. Using
(see Eq. (1) of Section 2.3 in the book Bateman and Erdelyi,
1954), we obtain the asymptotic behavior (x!1) for
C2;aðxÞ with a < 2 in the form

C2;aðxÞ ¼
2
p

Z 1

0

k sinðkxÞ
k2 þ ðCðaÞ=C2

e Þk
a dk � A0ðaÞ

1
x2�a

þ
X1
k¼1

AkðaÞ
1

xð2�aÞðkþ1Þ ; ð59Þ

where

A0ðaÞ ¼
2C2

e

pCðaÞ Cð2� aÞ sin
p
2

a
� �

; ð60Þ
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AkðaÞ ¼ �
2
p

C2
e

CðaÞ

 !kþ1 Z 1

0
zð2�aÞðkþ1Þ�1 sinðzÞdz: ð61Þ

As a result, we have in the framework the fractional
elasticity, the displacement field of the point force in the
infinite media with non-locality of power-law type is given
by

uðxÞ � A0ðaÞ
4pC2

eq
	 f0

x3�a ð0 < a < 2Þ ð62Þ

for the long distance x
 1.
In Figs. 1–3 we present some plots of the factor

C2;0ðxÞ ¼ expð�xÞ and factors C2;aðxÞ with CðaÞ=C2
e ¼ 1 for

different orders of 0 < a < 2, i.e. for the fractional integral
elasticity. The values of the factors C2;aðxÞ and C2;0ðxÞ are
plotted along the Y-axis, and the values of the position
x ¼ jrj are plotted along the X-axis.

For the case a > 2, i.e. for the fractional gradient elastic-
ity, the asymptotic behavior x ¼ jrj ! 1 of uðxÞ does not
Fig. 1. Plot of the function y ¼ C2;aðxÞ with a ¼ 0:7 is drawn with black
color and the factor y ¼ C2;0ðxÞ ¼ expð�xÞ is drawn by gray color, where
x ¼ jrj and CðaÞ=C2

e ¼ 1.

Fig. 2. Plot of the function y ¼ C2;aðxÞ with a ¼ 1:1 is drawn with black
color and the factor y ¼ C2;0ðxÞ ¼ expð�xÞ is drawn by gray color, where
x ¼ jrj and CðaÞ=C2

e ¼ 1.
depend on the parameter a. The asymptotic behavior of
the displacement field uðjrjÞ for jrj ! 0 is given by

uðxÞ � f0 Cðð3� aÞ=2Þ
2a p2

ffiffiffiffi
p
p

qCðaÞCða=2Þ
	 xa�1; ð2 < a < 3Þ; ð63Þ
uðxÞ � f0

2paq ðC2
e Þ

1�3=a
C3=aðaÞ sinð3p=aÞ

; ða > 3Þ: ð64Þ

Note that the function C2;a for the fractional gradient
case (a > 2) has a maximum. If a ¼ 4 then we have the
well-known case of gradient elasticity (Askes and Aifantis,
2011).

In Figs. 4–6 we present some plots of the factor
C2;0ðxÞ ¼ expð�xÞ and factors C2;aðxÞ with CðaÞ=C2

e ¼ 1 for
different orders of 2 < a < 6, i.e. for the fractional gradient
elasticity. The values of the factors C2;aðxÞ and C2;0ðxÞ are
plotted along the Y-axis, and the values of the position
x ¼ jrj are plotted along the X-axis.
Fig. 3. Plot of the function y ¼ C2;aðxÞ with a ¼ 1:8 is drawn with black
color and the factor y ¼ C2;0ðxÞ ¼ expð�xÞ is drawn by gray color, where
x ¼ jrj and CðaÞ=C2

e ¼ 1.

Fig. 4. Plot of the function y ¼ C2;aðxÞ with a ¼ 2:2 is drawn with black
color and the factor y ¼ C2;0ðxÞ ¼ expð�xÞ is drawn by gray color, where
x ¼ jrj and CðaÞ=C2

e ¼ 1.



Fig. 5. Plot of the function y ¼ C2;aðxÞ with a ¼ 3:6 is drawn with black
color and the factor y ¼ C2;0ðxÞ ¼ expð�xÞ is drawn by gray color, where
x ¼ jrj and CðaÞ=C2

e ¼ 1.

Fig. 6. Plot of the function y ¼ C2;aðxÞ with a ¼ 5:9 is drawn with black
color and the factor y ¼ C2;0ðxÞ ¼ expð�xÞ is drawn by gray color, where
x ¼ jrj and CðaÞ=C2

e ¼ 1.

V.E. Tarasov / Mechanics of Materials 70 (2014) 106–114 113
7. Conclusion

A lattice model with long-range interaction of Grün-
wald–Letnikov–Riesz type is suggested. In the continuum
limit we derive continuum equations with spatial deriva-
tives of non-integer order a. The correspondent constitu-
tive relations describe fractional generalization of
gradient elasticity for a > 2 and fractional integral elastic-
ity for 0 < a < 2. The suggested lattice model is considered
as a microscopic model of the fractional non-local elastic
continuum. We can note that a fractional nonlocal contin-
uum model can be obtained from different microscopic or
lattice models. The benefits of suggested formulation of
fractional elasticity are following. Firstly, the Grünwald–
Letnikov–Riesz derivatives in the fractional continuum
equations are defined by fractional differences. It can be di-
rectly used in numerical simulations of fractional gradient
and fractional integral elasticity models. Secondly, the sug-
gested type of long-range interaction for lattice particles
allows us to have united lattice model for the fractional
gradient and fractional integral elasticity. We assume that
the suggested approach can be generalized for 3-dimen-
sional case, for finite strains and plasticity. An extension
of the suggested model for these cases can be realized by
the methods suggested in Tarasov (2011a, see Sections
8.2, 8.14, 8.15) with some modifications. In addition, we
note that the model of fractional gradient and integral elas-
tic continuum has an analog in the plasma-like dielectric
material with power-law spatial dispersion (Tarasov and
Trujillo, 2013; Tarasov, 2013). Fractional models of com-
plex material with power-law non-locality allows us to
predict unusual properties of materials that are character-
ized by long-range inter-particle interactions. These mate-
rials can demonstrate a common or universal behavior in
space by analogy with the universal behavior of low-loss
dielectrics in time (Jonscher, 1977, 1996; Tarasov, 2008,
2009).
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